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1 Introduction

Let A(ID1(0)) denote the class of analytic functions in the open unit disk D;(0) = {z € C: |z| <
1}. Let C be the class of all functions f € A(D1(0)) which are normalized by f(0) = 0 and
f/(0) = 1 and have the form (Maharana et al., 2018; Mehrez, 2019; Oluwayemi & Faisal, 2021;
Ponnusamy et al., 2011; Ponnusamy & Vuorinen, 2001; Prajapat, 2014, 2011; Purohit, 2012;
Vidyasagar, 2020)

2)=z+ Y anz", z€Di(0). (1)
n=2

Two functions f,g € A(D1(0)) we say that f is subordinated to g in D;(0) and express symbol-
ically f(z) < g(z), if there exists a function w € A(ID1(0)) with |w(z)| < |2|, z € D1(0) such that
f(2) = g(w(2)) in D1(0). Furthermore, if function f is univalent in Dy (0), then g is subordinate
to f provided ¢g(0) = f(0) and g(ID1(0)) C f(ID1(0)). By S we denote the class of all functions
in C which are univalent in D;(0). Let S*(¢), C(c), K(g), S*(¢) and C(e) denote the classes
of starlike, convex, close-to-convex, strongly starlike and strongly convex functions of order e,
respectively, and are defined as

2f'(2)

5*(5):{fec:7ze<

f(2)
C(E)—{fEC:Re<( f((zz)))>>€7 z € D1(0), 0§8<1},

>>5 z € D1(0), 0§6<1},
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K(e) = {fEC:Re<Z‘;(/S)> >e, 2eDi(0), 0<e<1, gES*(O):S*},
§*(e): {feC: arg (?g;)‘ < %W, z € Dy(0), 0§5<1},
" 5(5):{]‘60: arg<1+ZJ{,/;iZ))>‘<Zr, 2 € Dy(0), 0§5<1}.

For more details regarding these classes see Duren (1983); Goodman (1983).
For z € C, the -Hypergeometric function is defined as

a: z = (@), 2"
"% =N W= 2
[ b; (c:4); ] HZ:;) (b)n(c)tr n!” @)
where (v), = T'(y 4+ n)/T'(y), a, £ € C with Re(¢) > 0 and b, ¢ € C\{0,—1,—2,---}. If we put
¢=01n (2), then ¢-H function turns to well known confluent hypergeometric function,

a [aé); (c:0); Z] =1 [Z;; Z} ' (3)

The ¢-H function (2) was recently studied in Chudasama & Dev (2016).
We note that ¢-Hypergeometric function (2) does not belong to the family C. Thus, it is
natural to consider the following normalization of ¢-H function:

2); (c:0); ] )
=z 4+ i (a)n—l " ‘ ( )
i (O)nae), Y (= 1)

Motivated by above works, in this paper we study certain geometric properties like x-uniformly
convexity and k-starlikeness of ¢-Hypergeometric function and then we prove Alexander trans-
form of ¢-Hypergeometric function is starlike. Let k — UCV and xk — ST be the subclasses of
S consisting of functions which are x-uniformly convex and k-starlike, respectively (Kanas &
Wisniowska, 1999, 2000). They are given by,

H(asb; (c,0);2) = zH [

P U A O AN e
K ucv_{fes.R <1+ f,(z)>> il .
zG]Dh(O),mZO},
R P N L
7 {fGS‘R (i) =75 ) o

z€Dy(0),k > O}.
The class of all functions p € A(ID;(0)) with p(0) = 1 satisfying the condition
Rep(z) >¢e, z € Di(0), € €[0,1)

be denoted by P(e). In particular, P(0) = P is the well-known Caratheddory class of functions
with positive real part in D (0) (Goodman, 1983). The following lemmas are useful in the next
section.
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Lemma 1. (Owa et al., 2002) If f € C satisfies the inequality

()] < -

—€
4

, z€Dy(0), € €10,1), (7)

then,
1+e¢

Ref'(z) >
Lemma 2. (Silverman, 1975) Let f € C and € € [0,1), then
(1) f e S*(e) provided

, z€Dq(0), e €[0,1).

S (-l <1—¢ (8)
n=2
(1) f€C(e) provided
Z (n—e¢)ay| <1—e. 9)
Lemma 3. (Kanas & Wisniowska, 1999, 2000) Let f € C. If for some k > 0,
- 1

— Dla,| < —— 10
> nin = Dlanl < (10)

and -
> In+ sl —1)lan| <1, (11)

n=2

then f € k —UCY and f € k — ST, respectively.

2 Main Results

In the sequence, convexity of order e, close-to-convexity of order (1 4+ ¢)/2 for normalized
(-Hypergeometric function H(a;b; (c,f);z) are investigated. Certain sufficient conditions for
H(a; b; (¢, £); z) to be in the classes P(e),S*(¢), C(e),k —UCY and k — ST are also given.

Theorem 1. If a,b,c,/ € R with 0 < a < b, £ > 1 and ¢ > 1+ /3. Then H(a;b;(c,{);2) is
starlike in D1(0) i.e H(a;b; (c,l);-) € S*.

Proof. Let p(z) be the function defined by

_ 2H(a3b; (e, 0); 2)
P2 = b e, 0 2)

, Z € Dl(O).
Since H(a;b; (¢, 0); )

z
we need to show that Re(p(z)) > 0. Since ¢ > 1 and ¢ > 1, it follows that (c),, < (¢)& for all
n € N. So, from the hypothesis,

# 0, the function p is analytic in D1(0) and p(0) = 1. To prove the result,

H' (a3 b; (¢, 0); 2) —

n=1 (12)

- 1
:;c(c—l—l)(c—i—@---(c%—n—l)

1 _ct1
<cnz: c+1 2’
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and
H(a;b;(c,b); z > a), ="
' e )21‘,§<b>(n<)c>£w
=1
212, .
T — c(c+1)(c+2)---(c+n—1)
R | —c—1
>1c;(c+1)”_ c?

From (12) and (13), we have

2H (a;b; (¢, £); 2) 4| - H (a;b; (¢, 0); 2) — 7H(a;b;§c’£);z)
H(a;b; (c, 0); 2) a
c+1

_-— D¢ (0).
2—c—1’ 2 €D (0)

Since ¢ > 1 + /3, it follows that Cfc{ < 1 and hence H(a;b; (c,{); z) is starlike in D1(0). O

c? 1 =

Theorem 2. Ifa,b,c,{ e R with0<a<b, £>1 For0<e<l,let

(2—¢) + Vbe? — 16e + 12
2(1—¢) '

o(e) =

If ¢ > o(e), then H(a;b; (¢, £); 2) is starlike function of order e i.e H(a;b; (c,0);-) € S*(¢).

Proof. Following the proof of Theorem 1, H(a;b;(c,?);z2) is starlike function of order e, if
c+1

5 T <1 — €. This is true from the hypothesis. This completes the proof. O
c?—c—

Theorem 3. Ifa,b,c,/ € R with0<a<b, £>1. For0<e <1, let

(8 —3e) + /172 — 68 + 76
) = 21— ¢) '

If ¢ > 9(g). Then H(a;b; (c,L); z) is convex of order € i.e H(a;b; (c,£);-) € C(g).

Proof. Under the hypothesis, we obtain

‘H’(a; b; (¢, 0); z)} < |1+

n=1
o0
n+1
<14+
2o,
ey (14)
1
=1+ +
2o, o
1 2 1
<1+4+-42
< +C+CZ(C+W
n=0
_02+3c—|—2
— —
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For the reverse inequality, we have

(@), (n+1)z"

In
2 WaoF nl
n+1
>1-
nz::l (©)n
. n =1
—1-— - (15)
2o 2w
SEERED S
- c c (c+1)"
c?—3c—2
From (14) and (15), we obtained
2 —3c—-2 2+ 3c+2
% < ‘Hl(a; b; (c,f);z)’ < o ;_'_ , z € Dq(0). (16)
c c
From (4), we have
121" (a; b; (¢, £); 2)| = i (@) _n(n+1)z"
s Yy ) ’ — (b)n(c)ﬁn nl
n=1 (C)n (17)
4 1 1
ety
oc+1
= 62 .
Now, from (16) and (17), we get
2H"(a;b; (¢, £); 2) 5c+1
D4(0).
H'(a;b; (¢, 0);2) | — 2 —3c—2’ 2 €Du(0)
. . oc+1 .
Since ¢ > 9(¢g), it follows that R y— < 1 —e. Hence, H(a;b; (¢, ¢); z) is convex of order
in Dl(O) O

If we take € = 0 in Theorem 3, then we have the following result.
Corollary 1. Ifa,b,c, € R with0 <a <b, £ >1 and ¢ > 4+ +/19. Then H(a;b; (c,£);-) € C.

Theorem 4. If a,b,c,/ € R with0 <a <b, £>1. For0<e <1, let

10 + 2426 — €
ple)=—5_—-"

+e€

1 1
Ifc > p(e). Then H(a;b; (¢, 0); z) is close-to-convex of order i.e H(a; b; (¢, 0);-) € K ( + 6) .

2

Proof. Using (17) and Lemma 1, we have

< 5¢c+1

|2H" (a;b; (¢, £); 2)| < 2 z € Dy(0).
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5c+1 1-—

1
Since ¢ > p(e), it follows that < 1 ° . this proves that Re(H'(a;b; (¢, 0);2)) > re

2

). a

If we take € = 0 in Theorem 4, then we have the following result.
Corollary 2. Ifa,b,c,f € R with0 <a <b, £ >1 and ¢ > 10 + 2/26. Then H(a;b;(c,{); z) is
1 1
close-to-convez of order B i.e H(a;b; (c,0);-) € K <2> :

2
14+¢

and hence H(a;b; (¢, 0);-) € K (

Theorem 5. Ifa,b,c,/ € R with0<a<b, £>1. For0<e <1, let

1+ V5—4e

veE) =509

If ¢ > 9(g). Then € P(e).

Proof. Let p(z) be the function defined by

_ H(asb; (e, 0);2)/z — €
p(z) = i—9 :

H(a; b; (c,€); 2)

The function p(z) is analytic in D(0) and p(0) = 1. To prove the result, we have to show that
Ip(z) — 1] < 1. If z € D;(0), then

1 & (a), 2"
— 1l = -

I o« 1

< -

“1l-¢ ; (C)n
1 1

N 1—57;6(0—1—1)(64—2)---(0—1—71—1)
1 1~ 1 e+l

T l-cci=(c+ 1) (1 —-¢)
1 < h- .

Since ¢ > ¥ (e), it follows that 2?14—5) < 1. Hence, Hlasbs (¢, 0); 2) € Ple). 0
(1 - z

If we take ¢ = 0 in Theorem 5, then we have the following result.

1 +2\/5' Then H(a; b; (¢, 0); 2)
y4

Theorem 6. Ifa,b,c,/ e R withO0<a<b,c>1andl>1. For0<e <1,
H' (a;b; (¢, £); 1) — eM(a; b; (¢, £);1) < 2(1 —¢).
Then H(a; b; (¢, 0);z) € S*(e).

Corollary 3. Ifa,b,c,{ e Rwith0<a<b, £>1 andc> eP.

Proof. From (4), we have H(a;b; (¢, (); z) = Z+Z Ap—12", where A,,_; = (@1 =g
n=2 (n/_'1>Kb)n—1(C)n—1
Then from the hypothesis, we have

dtn—e)Apa| =D nAp - An
n=2 n=2 n=2

= (H'(a;b; (¢, 0);2) — 1) — e(H(a;b; (¢, £);2) — 1)
=H'(a;b;(c,0);2) — eH(a; b; (¢, £);2) — 1+ ¢
<1l-—e.
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Hence form Lemma 2, H(a;b; (¢, ¢); z) is a starlike of order e. O
Theorem 7. Ifa,b,c,/ e R withO0<a<b,c>1andl>1. For0<e <1,

H(a;b; (¢, 0);1) + (1 —e)H (a3 b; (c, £);1) < 2(1 —e).
Then H(a;b; (¢, 0);z) € C(e).

Proof. From (4), we have H(a; b; (¢, 0); z) = Z+Z Ap—12", where A,,_1 = (@1 TSR
n=2 (n =D b)n-1(¢)py
Then from the hypothesis, we have
Zn(n —e)|Ap—1| = Zn(n — 1A, 1+ (1—¢) ZAn_l
n=2 n=2 n=2

=H"(a;b; (c,0); 1) + (1 — e)(H'(a;b; (¢, £); 1) — 1)

=H"(a;b; (¢, 0); 1) + (1 — e)H(a; b5 (¢, £);1) — (1 —¢)

<1l-—e¢.
Hence form Lemma 2, H(a;b; (¢, ¢); z) is a convex of order e. O
Theorem 8. If a,b,c,l/ € R with 0 < a < b,c > 1,¢ > 1 and k > 0. Then the sufficient
condition for H(a;b; (c,£); z) to be in k — ST s

©_H(a;b; (¢, 0);1) < 2

H' (a3 b; (c,0); 1) —

k+1 K+1
Proof. From (4), we have H(a; b; (¢, 0); z) = Z+Z Ap—12", where A, = (W g
n=2 (n = D)Ub)n-1(c)py
Then from the hypothesis, we have
[e.e] o (e}
it rn =] [Apa|=1+K)> ndn - An
n=2 n=2 n=2
= (1+r)(H'(a;; (¢, £);2) = 1)
— k(H(asb; (¢, £);2) — 1)
= (1 + &)H (a; b; (c, £); 2)
— kH(a;b; (¢, 0);2) — 1
<1.
Hence form Lemma 3, H(a;b; (¢, ¢);2) € k — ST. O

Theorem 9. If a,b,c,{ € R with 0 < a < b,c > 1, > 1 and Kk > 0. Then the sufficient
condition for H(a;b; (c,£); z) to be in k —UCV is

1
"(a;b; (c,0);1) < .
Hasbi (e, 051) < —
Proof. From (4), we have H(a; b; (¢, 0); z) = Z+Z Ap—12", where A,,_1 = (@1 TCsE
=2 (n = 1)!1(0)n-1(c),—1
Then from the hypothesis, we have
> nn=1)|An | = n(n—1)Ap
n=2 n=2
= H"(a; b; (¢, £); 1)
1
< .
T Kk+2
Hence form Lemma 3, H(a;b; (c,¢);2) € Kk —UCV. O
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For a function f € C given by (1), the Alexander transform A(f) : D;(0) — C is defined by
(see Alexander (2015))

? f(w) = an _n
A(f)z :/0 wa :z—i—nZan :
Theorem 10. Ifa,b,c,f € R with0 < a <b,c>1 and £ > 1. Then the sufficient condition for
A(H(a;b; (c,£);2)) to be in the class 8* is H(a;b; (c,);1) < 2.
Proof. From (4), we have

H(a; b; (¢, 0); 2) > (a)n—1 2n1 > 1
- - L = 1 + — - ]- + A’I’L—lzn )
: g (D)) (= 1! E
where
Apr = ((Z(): _11)
(0)n—1(c)p—y “(n—1)!
Thus,
# b; (¢, t
AM(asb (e, t);2) = [ PGB0,
0 w
(o] Zn
=z+ ZAVL*l; = Zanflz )
n=2 n=1
where a1 = 1, a, = n_l, n > 2. From Lemma 2, we have A(H(a;b;(c,?);2)) € S*(0) = S* if,
Zn!an| <1
n=2
That is
00 00 A,
Z nla,| = Z n !
n=2 n=2
_ = (a)n—1
= O (= 1))
=H(a;b;(c,0);1) —1 < 1.
Which is true, since H(a;b; (¢, £); 1) < 2. This completes the proof. O
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1. Introduction

Ecology relates to the study of living beings in connection to their living styles.
Research in the area of theoretical ecology was first studied by Volterra [29] and
Lotka [23]. Later many ecologists and mathematicians contributed to the growth
of this area of knowledge as reported in [3, 7, 12, 24, 25] and references therein.
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The ecological interactions can be broadly classified as prey-predator, competition,
commensalism, ammensalism, and neutralism etc.

A two species Commensalisms is an ecological connection between two species
where one species X gain benefits while those of the other species Y neither benfit
nor harmed. Here, X may referred as the commensal species while Y the host.
Some examples are Cattle Egret, Anemonetish and Barnacles etc. The host species
Y supports the commensal species X which has a natural growth rate in spite of
a support other than from X. The commensal species X, in spite of the limitation
of its natural resources flourishes drawing strength from the host species Y. The
model is characterized by a system of first order nonlinear differential equations. In
the last decades, commensalism model studied many researchers [8, 9, 19, 20, 32].

Chen at el. [6] proposed the following two species commensal symbiosis models
with nonmonotonic functional response,

N Cuz(zt) ’
d + us(t)

uy(t) = ua(t) [az1 — bagua(t)],

uy () =ui(t) |a1r — biau(t)

where a11,a91, b12,b22, ¢, d are all positive constants and showed that the system
admits a unique globally asymptotically stable positive equilibrium.

Zhao et al. [35] proposed and analyzed a commensalism model with nonmono-
tonic functional response and density-dependent birth rates,

cus(t) }
d+u3(t)]’

a1l

——— —aus — bhu(t) +
a2 + ajsuq (t) ( )

%wzmw[
1)

0) =) | 2~ i = a0

where a;; 1=1,2,j =1, 2,3,4) and by, c,d, and by are all positive constants.
Here u(t) and wua(t) are the densities of the first and second species at time t,
respectively. a1; and as; stand for the total resources available per unit time for
species u and v, respectively. By applying the differential inequality theory, they
showed that each equilibrium can be globally attractive under suitable conditions.
Xie et al. [33] derived sufficient conditions for the existence of positive periodic
solution of the following discrete Lotka-Volterra commensal symbiosis model

u(k + 1) =u(k) exp {a1(k) — by (k)u(k) + c1(k)v(k)}
k4 1) =v(k)exp {az(k) — ba(k)v(k)}

v

—

where {b;(k)}, i = 1,2, {c;(k)} are all positive w-periodic sequences, w is a fixed
positive integer, {a;(k)}, are w-periodic sequences such that @; = 1 Sy ai(k) >0,
i=1,2.

The differential, difference and dynamic equations on time scales are three equa-
tions play important role for modelling in the environment. Among them, the
theory of dynamic equations on time scales is the most recent and was introduced
by Stefan Hilger in his PhD thesis in 1988 with three main features: unification, ex-
tension and discretization. Since a time scale is any closed and nonempty subset of
the real numbers set. So, by this theory, we can extend known results from continu-
ous and discrete analysis to a more general setting. As a matter of fact, this theory
allows us to consider time scales which possess hybrid behaviours (both continuous
and discrete). These types of time scales play an important role for applications,
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since most of the phenomena in the environment are neither only discrete nor only
continuous, but they possess both behaviours. Moreover, basic results on this issue
have been well documented in the articles [1, 2] and monographs of Bohner and
Peterson [4, 5]. In the real world phenomena, since the almost periodic variation
of the environment plays a crucial role in many biological and ecological dynam-
ical systems and is more frequent and general than the periodic variation of the
environment. In this paper we systematically unify the existence of almost peri-
odic solutions of commensalism model with nonmonotic functional response and
density dependent birth rates modelled by ordinary differential equations and their
discrete analogues in the form of difference equations and to extend these results
to more general time scales. The concept of almost periodic time scales was pro-
posed by Li and Wang [13]. Based on this concept, some works have been done
(see [14-18, 21, 22, 26, 28] and references therein).

Recently, Wang [30] established a criteria for global existence of multiple periodic
solutions to the dynamic predator-prey model with delays,

Mo e el exp{2u()
uT (t) = a(t) — b(t) exp{ui(t)} mZ exp{2us(t)} + exp{2u1 ()}
Ay J@exp{w(t —7(t) +wa(t —7(t)}

(t) = m? exp{2us(t — 7(t))} + exp{2uy (t — 7(t))} (),

= h(t) exp{—u (1)},

by applying continuation theorem based on Gaines and Mawhin’s coincidence de-
gree theory, and the corresponding discrete system was studied by [11].
Wang et al. [31] considered the following competitive system on time scales,

B b1 (t) exp{ua(t)}

and established existence and uniformly asymptotic stability of unique positive
almost periodic solutions by time scale calculus theory and Lyapunov functional
method

Prasad et al. [27] studied the following 3-species predator-prey competition model
on time scales,

L) = ri(t) — exp{us(t)} — aexp{uz(t)} — Bexp{us(t)},
up (1) = r2(t) — Bexp{ui(t)} — exp{ua(t)} — aexplus(t)},
5 3(t) — avexp{ui(t)} — Bexp{ua(t)} — exp{us(t)},

—
~
SN—
I
<

and established sufficient conditions for the existence and uniform asymptotic sta-
bility of unique positive almost periodic solution of system.

Motivated by the aforementioned reasons in this paper we study commensalism
model with nonmonotic functional response and density dependent birth rates on
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time scales,

A a11(t)
wt (1) _alg(t) + a13(t) exp{w1(t)}

—ay4(t) — b1 (t) exp{wi(t)}

c(t) exp{wa(t)}
d(t) + exp{2wa(t)}’

2t) = a21(t) —a — ex
W) = e ey — alt) — ba(t) exp{wa (1))

where w;(t) are the densities of the i*"species at time t € T+ (']I”r is a nonempty
closed subset of Rt = [0, +00)) and w;(0) > 0. w?* express the delta derivative of
the functions w;(t),7 = 1,2. a;5(t),i = 1,2, = 1,2,3,4 and by (t), ba(t), c(t), d(t)
are bounded positive almost periodic functions. Clearly, if we set wu;(t) =
exp{w;},i = 1,2 and choose TT = R the system (2) is reduced to the model
(1) and T+ = Z* (Z* is the set of nonnegative integer numbers), then the system
(2) is reduced to the following discrete system,

c(t)wa(t)

an(t :|
d(t) + wj(t) |’

)
ar2(t) + ais(
agl(t)

(

aga(t) + ags(t)

wl(t + 1) :wl(t) exp |: — a14(t) — bl(t)wl(t) +

t)wa(t)
t

(t)

w1
wg(t + 1) :wg(t) exp |: w05 — a24(t) — bg(t)wg(t):| s
The paper is organized in the following way. In Section 2, we provide some defi-
nitions and lemmas which are useful in establishing our main results. In Section
3, we derive sufficient conditions for the permanence of system (2). The sufficient
conditions for the existence and uniform asymptotic stability of unique positive
almost periodic solution of system (2) are derived in Section 4. In final section, the
numeric simulations are given to illustrate the feasibility of the main results.

2. Preliminaries

In this section, we give some definitions and developed lemmas which are useful in
the next sections.
As we assumed almost periodic functions on T are bounded, we use the notations

FE = inf{f(t) te T*},
and
F s {0 e}
where f(t) is an almost periodic function. We use the following notations in the

paper:

U U ok L Lt
apajze” f = 0n0ise '

of — 113t
1 (af2+af3€el)2’ (aiil2+a1i13€|<1)2’




K. R. Prasad et al./ IJM?C, 10 - 01 (2020) 77-94. 81

M (dl/{ _ 63(2) L (dﬁ _ 631(2)

L (dﬁ+62€2)2 ’ 2T (du—i-eQK’A’)2 ’

afy dse*> afafse”

6 = G = .
1 (afy + a§3e£2)27 i (affy + ‘115{36'(2)2

Definition 2.1 [5] A time scale T is a nonempty closed subset of the real numbers
R. T has the topology that it inherits from the real numbers with the standard
topology. It follows that the jump operators o,p : T — T, and the graininess
p: T — Rt are defined by

ot)=inf{r e T:7 > t},

p(t) =sup{r € T: 7 < t},
and

u(t) = p(t) —t,

respectively.

e The point ¢ € T is left-dense, left-scattered, right-dense, right-scattered if p(t) =
t, p(t) <t,o(t) =t, o(t) > t, respectively.

e If T has a right-scattered minimum m, then Ty, = T\{m}; otherwise T = T.

e If T has a left-scattered maximum m, then T* = T\ {m};otherwise T* = T.

e A function g : T — R is called rd-continuous provided it is continuous at right-
dense points in T and its left-sided limits exist (finite) at left-dense points in
T.

Definition 2.2 [5] A function f : T — Ris called regressive provided 1+pu(t) f(t) #
0 for all t € T. The set of all regressive and rd-continuous functions f : T — R
will be denoted by R = R(T,R). Also, we denote the set

Rt =RT(T,R) = {f € R: u(t)f(t) >0,vt € T}.
Lemma 2.3 [10/ Ifa > 0,b> 0 and —b € R". Then
w?(t) < (>)a — bw(t), w(t) >0, t € [ty,00)r

implies

wit) < ()5 [1+ (bwff(’) ~1)ecn(tto)], ¢ € ffo,00)r.

Definition 2.4 [13] A time scale T is called an almost periodic time scale if

[[={ceR:t+keTvteT} {0}
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Definition 2.5 [13] Let T be an almost periodic time scale. Then a function
w € C(T,R™) is called an almost periodic function if the e-translation set of w i.e.,

Ele,w) = {K e[ : lwtt+ ) —w(t)] <evie ’]I‘}

is a relatively dense set in T for any positive real number e.

Definition 2.6 [13] Let T be a positive almost periodic time scale. Then a function
¢ € C(T xD,R"™) is called an almost periodic function in ¢ € T uniformly for w € D
if the e-translation set of ¢

£1e,0,8} = {x e [T : o(t +0) — 9(t)] < &,¥(t,w) € T x S}
is a relatively dense set in T for any positive real number ¢, and for each compact
subset S of .

Next, consider the system

wh(t) = Y(t,w), 3)

and its associate product system
wh(t) = Y(t,w), 22(t) =y(t,2), (4)
where ¢ : Tt x Sg — R", Sg = {w € R" : |Jw|| < B}, ¥(t,w) is almost periodic in

t uniformly for w € Sp and is continuous in w.

Lemma 2.7 [34] Let V(t,w,z) be Lyapunov function defined on T+ x S% and
satisfies the following conditions

(i) a(Hw — zH) < V(t,w,z) < ﬂ(”w — z||), where o, B € P,
P={vy€CR"R"):4(0)=0 and v is increasing };
(it) V(t,w,z) = V(t, w1, 21)] < L(||lw—wi] + ||z — z1]|), where L > 0 is a constant,

(ii) DYVA(t,w, z) < —AV(t,w, ), where A > 0, -\ € RT.

Further, if there exists a solution x(t) € S of system (3) fort € TT, where SUSg is
a compact set, then there exist a unique almost periodic solution f(t) € S of system
(8), which is uniformly asymptotically stable.

Definition 2.8 System (2) is said to be permanent, if there exist positive constants
£, k such that

¢ <liminf w;(t) < limsup w;(t) <k, i = 1,2,
t—+o0 t—+00

for any solution (w1 (t), wa(t)) of (2).

3. Permanence

In this section, we derive the sufficient conditions for the system (2) to be perma-
nent.
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Lemma 3.1 Suppose that
u u_ L L L1 L
ayp +ctap > [014 + bl]a12 }
u L L] L
asq > [a24 + b2]d22.

Then any positive solution (w1(t), ws(t)) of the dynamic system (2) satisfies
: V[dy  r u ¢
lim sup w1 (t) < k1 =z — —ap+c —by
t—r+oo 1 LA

and

: 1 [y o p
lim sup wa(t) < Ko := —<= —az — by |.

t—+00 b§ a§2

Proof 1t follows from the first equation of the system (2) that

uﬁ@):mﬂﬂ+agzgmﬂwuw}‘“M“V—M@hmﬂwﬂw}
c(t) exp{wa(t)}
d(t) + exp{2wa(t)}
< Zzgg —ay4(t) — b1 (t) exp{wi(t)} + c(t)
= Lz,gl —afy + H — b exp{wi(t)}
a1
Saic{l —afy + ¢ = b [wi (1) + 1]
a1

By using Lemma 2.3 we have

1 u

. a

limsup wy(t) < Ky := — | — —ak, + H — k| .
e L

t—+o00 1 LAT2

Similarly from the second equation of the system (2) that

At) = ax () —a - ex
PO = i+ e 0 RO o0}
< an(t) _ az4(t) — ba(t) exp{wa(t)}
ag(t)
g%_@_@mwﬂy

From Lemma 2.3, we get

: 1[dy,  , .r
limsup wa(t) < kg := W | oL 02 by | .
—+00 2 LA

This completes the proof. |
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Lemma 3.2 If the inequalities (5) and

afl > a1144 (‘12142 + eXp{Kl}) }

agl > ag{4 (azé{Q + eXp{K2})

hold, then any positive solution (w1 (t),wa(t)) of system (2) satisfies

liminf wi(t) > 01 := 1 afy oy
im in :=1In — ==,
tsqoo 1v . = W (dd, + exp{ki}) Y
a% a4
liminf wy(t) > 4y :=In 21 — 24
t—+00 2(t) 2 2 [bg’ (a4, +exp{xa}) B4

Proof From Lemma 3.1, we know that

lim sup w () < Ky,
t—+o0

which means that for any € > 0, there exists a tg € TT such that wi(t) < k1 + ¢
for all t > to. Then for t > ¢, it follows from the first equation of system (2) that

M) = au(t) —a — ex
W) = oty — an(t) — bi(t) exp(w (1))

c(t) expfws (1))
a(t) + exp{2ws (1)}

c
> an o
~ d¥, + exp{x; + ¢}

afly — b exp{an (1)}
Now we claim that for t > ¢,

aﬁ B
a4, + exp{ky + ¢}

affy — v exp{wi (1)} < 0. (7)

By way of contradiction, assume that there exists a £ > ¢ such that

c
an

afy + exp{ky + ¢} B

aiy — b exp{ws(t)} > 0

and for any t € [tg, )7+,

c
any

af, + exp{k; +¢}

a4, — B exp{w1(t)} < 0.
Then

wi(f) <1 i) it
1 n -7
W (%, + exp{ki +¢}) o
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and for any t € [to, )1+,

w (t) >1 afl a%
1(t) = In 7w |
W (% +exp{ki +¢}) oY

which implies w?(£) < 0. It is contradiction, and hence the inequality in (7) holds

for all ¢ > ¢y, and

aty afy
wl(t) > In - T |
W (afl, + exp{ki +¢}) b
consequently
L Uu
a a
liminf wi(t) > In 1 -4
t—+00 Vi (ddy + exp{ks +¢}) Y

Since ¢ is arbitrary small and from the first inequality in (6), we have

afy aly
ggniglo 1(t) > In blll (aZ{IQ + exp{Kl}) bzi{

Analogously, by the second inequality in (6), we obtain that

liminf wsy(t) > In afy o
imin - ==
oo 2V = W (a4, + exp{ko}) 4
This completes the proof. |

Theorem 3.3 Under the assumptions (5) and (6), the system (2) is permanent.
Proof From Lemmas 3.1 and 3.2, the system (2) is permanent. ]

4. Positive almost periodic solution

In this section, we establish sufficient conditions for the existence, uniqueness and

uniform asymptotic stability of positive almost periodic solution of system (2).
Define

A= {(wl(t), wa(t)) : (wi(t), wa(t)) is a solution of (2)
and 0 < ¢; < wz(t) <Ki, T = 1,2}.

It is clear that A is invariant set of system (2).

Theorem 4.1 Suppose that (5) and (6) are satisfied, then A # @.

Proof The almost periodicity of a;;(t), i = 1,2,3,4;j = 1,2 implies that there is
a sequence {0} C Tt with 0, — +oo such that

aij(t +0;) = a;;(t), as k — 400,01 =1,2,3,4;j =1,2.
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From Lemma 3.1 and 3.2, for each sufficiently small ¢ > 0, there exists a 7 € TT
such that

li—e<wi(t)<xkj+e forallt>rT,i=1,2.

Set w;k(t) = w;(t +0f) for t > 17— 0, k = 1,2,--- . For any positive integer m,
there exists a sequence {w;x(t) : k > m} such that the sequence {w;;(¢)} has a
subsequence, denoted by {w}, (t)}(w (t) = w;(t + 65)), converging on any finite
interval of TT as k — +o00. So we have a sequence {w;(t)} such that for t € T,

Wiy (t) = wi(t), as k — 400, i=1,2. (8)

It is easy to see that the above sequence {65} C T* with 6} — +oo for k — +00
such that

aij(t+0;) = aij(t), as k — +oo,i=1,2,3,4;j =1,2.
Which, together with (8) and

ail (t + HZ)

wTA(t) :CLlQ(t + 0;;) + a13(t + 9;;) eXp{wl(t)} - Cl14(t + 9;::) - bl(t + 0;:') exp{wl(t)}
c(t + 0;) exp{wa(t)}
d(t + 65) + exp{2w2(t)}’
WA (t) :a22(t . +a2; S(ft—i_—i—gg,%) —rOTE aga(t + 05) — ba(t + 05) exp{wa(t)},
yields
A(f) = au(t) —an(t) — byt t
W) = i T o) epfan @y ) b explwi()}
n c(t) exp{wa(t)}
d(t) + exp{2w(t)}’
wh(t) = azl?) ~ ana(t) — bo() expun(t)},

"~ aga(t) + azs(t) exp{wa(t)}
It is clear that (wq(t), wa(t)) is a solution of system (2) and
b —e<wi(t) <x;j+e forteTh i=1,2.
Since € was arbitrary, it follows that
O <wi(t) < kg, forteTh i=1,2.

This completes the proof. |
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Theorem 4.2 Assume that (5), (6), I'1 > 0 and I's > 0, where
I = [(Qbfegl + 265 athet + uﬁbfeéh%’g)
— (224 + M (b%’)2 e 4 1Mt + M an By + 1@1)} ;
Iy = [(ucblﬁeélﬁg + 205 et (1+ ,uc‘é))
— (W B + 1Mot By + By + 261 + )M CE + M”(b?)QGZKQ)] ’

are satisfied. Then the dynamic system (2) has a unique almost periodic solution
(w1(t), wa(t)) € A and is uniformly asymptotically stable.

Proof From Theorem 4.1 that there exists a solution (w1 (), ws(t)) of system (2)
such that

4 < wi(t) < g,

for teTt,i=1,2.
Define

H(w1(t), wa(®)) | = lwi ()] + wa()],  (wi(t), wa(t)) € RE.

Assume that Wi (t) = (w1 (t), wa(t)), Wa(t) = (wi(t), ws(t)) are any two positive
solutions of system (2), then

Wi < k1 + k2
and
Wl < k1 + Ka.

We consider the associate product system of system (2) as follows

At) = au(t) —a — ex
Wi (t) = ana(l) + ars(t) explar (0] 14(t) — b1 (t) exp{wi(?)}
c(t) exp{wa(t)}
d(t) + exp{2wa(t)}’
Aty = a21(t) —a — ex
w3 (t) aga(t) + azs(t) exp{wa(t)} 24(t) — b2(t) exp{wa(t)}, o)
Bt) = au () —a - exp{w
wy (1) = o) + ars (D) explon ()} 14(t) — b1 (t) exp{w1(t)}
c(t) exp{wz(t) }
d(t) + exp{2w(t)}’
At) = a21(t) —a — exp{w
wy (1) = am () + azs () explun (D)} 24(t) — ba(t) exp{wa(t)}.
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Construct the following Lyapunov function V (¢, Wi (t), Wa(t)) on T x Q x Q by

V(£ Wi (£), Wa(t)) = (wi(t) — wi(1))? + (walt) — wa(t))”.
It is obvious that the norm
Wi () = Wat)|| = |1 (t) — wi(t)] + |wa(t) — wa(t)]

is equivalent to

WA (t) = Wa(8) [l = [(wr(t) — wi (1)) + (wa(t) — wa(t)) ]2,
in other words, there exist two constants &; > 0, 62 > 0 such that
S1lWi(t) = Wa(t)]] < [Wa(t) = Wa(t)[l« < S2lWi(t) — Wa(t)]],
and hence we have
(SLWA(E) = Wa(D))* < V(£ Wa(0), Wa(®) < (82 W () = Wa()]])

Let a, 8 € C(RT,RT), a(w) = d2w?, B(w) = 83w?, then the assumption (i) of
Lemma 2.7 is satisfied. On the other hand, we have

1]+ [ ()] + [wi (@) + !wT(t)D

—
€

g

2 ()] + [wa ()] + w3 ()] + IwS(t)l)
w1 (t) = wi()] + |w2(t) = ws ()] + |wi () — wi ()] + |w2(t) - wé(t)l)

= £(IWae) ~ Wil + () - Wi )],

where Wi (t) = (w5, w3), Ws(t) = (wf,w}), and £ = 4max{k;, i = 1,2}. Hence,
the assumption (iz) of Lemma 2.7 is satisfied.
Now, estimating the right derivative DTV? of V along with associate product
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system (9), we obtain

DTVA(t, Wi (1), Wa(t))
= (w1 (t) —wi(t)) )+
+ (wat) — wa(t)) ™ (wa(t) — wa(t)) + [wa((t)) — walo(t))] (walt) — wa(t))
)+

= (wi(t) — wi(t))™ (wi () — wit

>

So,
DIVA (8, Wi (t), Wa(t)) = Vi + Vs, (10)
where
V) = [2(w1(t) —wy () + pt) (wi () — wl(t))A] (w1 (t) — wi(1))®,

Vs = [Z(wg(t) — wy(t)) + pt) (walt) — wg(t))ﬂ (ws(t) — wa(t))™.

From the system (9), we have

A a 1 B 1
(@18) —w1(®)” = an(®) [fm(t) T () exp{@r(®)  ana(d) T an(0) exp{wmt)}}
exp{wa(t)} exp{wa(t)}
~ (Ofexp e (0} — expfun ()] + o) | el ewlinlO) ]
and
a_, 1 - 1
(w2t) = wa())” =an(?) Lm(t) T ans(D) exp{wa ()] am(®) + ans(l) exp{m(t)}}

— ba(t)[exp{wa(t)} — exp{wa(t)}].

By mean value theorem, there exit &;(¢),n;(t), i = 1,2 lie between w;(t) and w;(t),
and £(t) lie between wa(t) and wa(t) such that

exp{w;(t)} — exp{w;(t)} = exp{&(t)}Hwi(t) — wi(t)],

exp{ws(t)} B exp{wa(t)} [ d—exp{3¢(t)} o
d(t) + exp{2w2 (1)} d(t) + exp{2w2(t)} | (d + exp{2€(t)})2 [wa(t) — wa(t)],
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1 1
a;9 (t) + a;3 (t) exp{wi (t)} B a;9 (t) + a3 (t) exp{wi (t)}
_ [ a3 (t) exp{n;(t)}
(aiz(t) + ais(t) exp{ni(t)})?

} as(t) — wilt)].

Therefore,

A _ | an(t)as(t) exp{ni(t)} —w
(@10 - wi(0)* = | ot ] 1)~ 0
- bt expea (O on (1) — wa (0] + | “ ST () — wato]
and
A _ | a2(t)ags(t) exp{na(t)} —w
(walt) — ) = [ (e (420~ vt

— ba(t) exp{&2(t) Hwa(t) — wa(t)].

Now from (10), we have

o1 0[]

o(t)(d — exp{3£(1))
= o) expes (0 fon (1) — wa ]+ | S ) - w0
a11(t)a13(t) exp{ni(t)}
<[+ exsomam ] 1~ 0
o(t)(d — exp{3¢(1))
(d+ oxp(2(1)})?

;0 (1) )

2
(1) (01 ()2 exp{264 (0} + p() ((alzzl)“)aw(t exp{m(t)}})z)

)
t) + a13(t) exp{mi(t)
 2b1(t)ann (t)ars(t) exp{&i(t) + m(t)}
(a12(t) + a13(t) exp{n1(t)})?

[ct t) — exp{3¢( )})] [wa () — wa(t)]?

d(t) + exp{2£(t)})?
[ ( a11 Jai3(t) exp{ni(t)} ) <C(t)(d(t) — eXP{3§(t)})>
(a12(t) + a13(t) exp{n1(t)})? (d(t) + exp{2¢(t)})?
c(t)(d(t) — GXP{35(75)})) }
(d(t) + exp{2£(t)})?
x [wi(t) — wi(t)][wa(t) — wa(t)]

~n() esp{es (O} 0) ~ wr 0] + |

_ [2 < ar1(t)ars(t) exp{ni(t)}
(a12(t) + a13(t) exp{ni(?)})

| watt) — ]

][wmf) —w ()P

+ (1 = p(t)b1(t) exp{&1(t)}) (
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< [wl —2bFel 4 M ()2 2 4 o — Qbf%ezl] (w1 (t) — wy(t)]?

+ M B[ (t) — wa(t)]?
+ 2 By + By — pFbT el Bol[w (t) — wi(8)][wa(t) — wa(t)]

Since 2ab < a? + b? for any a,b € R, it follows that
Vi < — [(Qbfeel + 265 athe™ + ,Ltﬁbfe&%’g)

— (20 + i ()7 2 4 it 4 Mt By + @1)] [wi(t) —wi()]* ¢ (D)

+ [uEbfet By — (413 + ik By + 1) | [walt) — wa (D),
Similarly, we can find

Vo < — [21)56‘32(1 + LG — (26 + uHEE + u“(bg’)%?“)} [wa(t) — wa(t)]2.
(12)

From (10), (11) and (12), we get
DYVA (LW (L), Wa(t)) = Vi + Vs
= - {(Qbfeel + 20 ahe’ + pofe By)
— (2 + p () 2 4+ it 4 Mt By + %’1)} (w1 (t) —wi(t)]”
— [(,uﬁbfeelﬂg + 2b5 et (1+ ,LLE%Q))
4W%+W%%+%+%wWﬁ+W%%Mmmwﬂmw

= —Ti[wi(t) — wi(t)]* = Tafws(t) — wa(t)]?

< =AV(t, Wi (L), Wh(t)).
where A = min{I'; : i = 1,2} > 0 and —\ € R". Thus, the assumption (iii) of
Lemma 2.7 is satisfied and hence, it follows from Lemma 2.7 that there exists a

unique uniformly asymptotically stable almost periodic solution (w1 (t), wa(t)) of
dynamic system (2) and (w1 (t), w2(t)) € A. This completes the proof. [ |

5. Numerical simulations

In this section we present an example to check the validity of our main results.
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Example 5.1 Consider the following system for TT = R™.

) — a1 (?) Cans(t) — b (E) c(t)ua(t)
w0 =0 |y g~ 0~ 0+ s 13
) — a (t) aon(8) — b ()
wl0) =alt) | O ) = b
where
ann am 50 + 0.1sin(v/3t) 48 + 0.1 sin(v/5t)
a2 az | | 15+ 0.2sin(v/2t) 28 + 0.1sin(v/3t)
a3 ag | | 0.2+ 0.1sin(v/5t) 120 + 0.2 sin(v/2t)
ayy a4 0.03 4+ 0.01sin(v/2t) 0.002 4 0.01 sin(+/3t)

R et R R E

By calculating, we get
57.5 = aty + Hafy > 19.536 = [af, + b ]a,
48.1 = a4 > 36.0468 = [a%, + b5 ]af,,

which shows that (5) holds and k; = 1.973180873, k2 = 0.3323187208. Now we
check (6),

49.9 = af; > 0.8957408724 = a¥,(a%} + exp{K1}),
47.9 = a§; > 0.3539303657 = a¥, (a5 + exp{r2}).

So, /1 = 0.3776703951, £5 = 0.07204048280. From these values we obtain,

o/ = 0.4840130676, o = 0.02416120093, % = 0.05685627445,
Py = 0.04254742499, ¢ = 0.3284875457, 62 = 0.1610553506.

By above values (note that for T =R, u(t) =0), we get
I’y = 2.859856503, I'e = 2.080385645.

A =min{l; : ¢ = 1,2} > 0 and -\ € R*. From Fig. 1-3, it is easy to see
that for system (13) there exists a positive almost periodic solution denoted by
(w3 (t), ws(t)). Moreover, Fig. 4-5 shows that any positive solution (w1 (t), wa(t))
tends to the above almost periodic solution (w¥(t), wj(t)).
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Abstract. In this paper, we study a non-autonomous time-delayed SIR epidemic model which
involves almost periodic incidence rate and saturated treatment function on time scales. By
utilizing some dynamic inequalities on time scales, sufficient conditions are derived for the per-
manence of the SIR epidemic model and we also obtain the existence and uniform asymptotic
stability of almost periodic positive solutions for the addressed SIR model by Lyapunov func-
tional method. Finally numerical simulations are given to demonstrate our theoretical results.
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1 Introduction

Infectious diseases are caused by pathogenic microorganisms, such as bacteria, viruses, fungi
and parasites. The diseases can spread directly or indirectly from one person to another or
from birds or animals to humans and these diseases are a leading cause of death. Despite all the
advancement in medicines, infectious disease outbreaks still constitute a significant threat to the
public health and economy. Mathematical modeling has become a valuable tool to understand
the dynamics of infectious disease and to support the development of control strategies and
studied by many researchers [1 1,16, 17] and references therein.

The differential, difference and dynamic equations on time scales are three equations play
important role for modelling in the environment.Among them, the theory of dynamic equations
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on time scales is the most recent and was introduced by Hilger in his PhD thesis in 1988 [7]
with three main features: unification, extension and discretization. Since a time scale is any
closed and nonempty subset of the real numbers set. So, by this theory, we can extend known
results from continuous and discrete analysis to a more general setting. As a matter of fact, this
theory allows us to consider time scales which possess hybrid behaviours (both continuous and
discrete). These types of time scales play an important role for applications, since most of the
phenomena in the environment are neither only discrete nor only continuous, but they possess
both behaviours Hence, dynamic equations on a time scale have a potential for applications. In
the population dynamics, the insect population can be better modelled using time scale calculus.
The reason is that they evolve continuously while in season, die out in winter while their eggs
are incubating or dormant, and then hatch in a new season, giving rise to a non-overlapping
population. Some of the good contributions in this field can be found in [1-3, 14, 15].
In 2016, Bohner and Streipert [!] considered the SIS model,

SA() =1()| = BS(e (1) +1], S@t) >0,
1) = 1) [8S(0(1) =], 1(t) =0,

where 8 > 0,7 > 0 are the transmission and recovery rates of the disease and o(t) denotes the
forward jump operator and discussed the stability of the steady states of the model. In [5],
Bohner, Streipert and Torres derived exact solution of non-autonomous SIR epidemic model,

P R ONE),
=(0) + )
0 =D oy(o0)

22(t) =c(t)z(a(t), x(t),y(t) >0,

and then analyzed the stability of the solutions to corresponding autonomous model. In the real
world phenomena, since the almost periodic variation of the environment plays a crucial role in
many biological and ecological dynamical systems and is more frequent and general than the
periodic variation of the environment. The concept of almost periodic time scales was proposed
by Li and Wang [10]. Based on this concept, some works have been done [12-15].

Recently, Bohner and Streipert [0] analysed the existence and globally asymptotic stability
of a w-periodic solution to the discrete SIS model,

ASy = —B¢Sie1 1y +vily,
Al = BeSe1dy — vils.

Motivated by aforementioned works and mainly [9, 18], in this paper we study the following
time-delayed SIR model on time scales.

2 Model description and preliminaries

In this section, we consider an SIR model with saturated and periodic incidence rate and satu-
rated treatment function, whose corresponding continuous (R) model has been studied in [9, 15].
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The population is divided into three classes: the susceptible class S, the infectious class I, and the
recovered class R. The transition dynamics associated with these subpopulations are illustrated
in Fig. 1.

Based on the above discussion, we make the following assumptions:

(1) The infection is transmitted to humans by a vector, i.e., susceptible persons receive the in-
fection from infectious vectors, and susceptible vectors receive the infection from infectious
persons.

(2) When a susceptible vector is infected by a human, there is a fixed time T during which the
infectious agents develop in the vector, and it is after that time that the infected vector
can infect the susceptible human population.

(3) The number of newly infected individuals per time unit is proportional to S(t)u(t)/(1 +
a(t)u(t)), where u(t) the number of infectious vectors in the community at time ¢, and
(14 a(t)u(t))~! represents the saturation effect when the population of infectious vectors
is large.

(4) The total vector population is very large and u(t) is proportional to I(t — T).

Using above assumptions, we propose the delayed susceptible-infected-recovered (SIR) model
with saturated treatment on time scales by

S2(t) = A(t) — a()S(1) ~ T(i)ig)); ((f - 3

() = YOS =D a0+ 60 + 90110 — 1 s )
R0 =A010) + 12O o) me),

where ¢ € T(time scale). Motivated by biological realism, we take the contact rate as x(t) =
d+0sin(7/6)t, (for more details refer [9]) and all other parameters are positive. While contacting
with infected individuals, the susceptible individuals become infected at a saturated incidence

rate % Through treatment, the infected individuals recover at a saturated treatment function

bl

T4er- The interpretation and values of parameters are described in the Table 1.

Remark 1. In order to unify the existence of almost periodic solutions for SIR model with
saturated and periodic incidence rate and saturated treatment function modelled by ordinary dif-
ferential equations and their discrete analogues in the form of difference equations, combination
of both continuous and discrete and to extend these results to more general time scales, we re-
quired much developed theory on time scales. Therefore, the qualitative study of (1) on time
scales is challenging one.

Let C = C([—7,0]T,R?) denote the Banach space and assume that the initial conditions of
(1) satisfy
5(0) = ¢1(0), 1(6) =2(6), R(8) = p3(6),
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Table 1: Descriptions and values of parameters in model (1).

PARAMETER PARAMETER DESCRIPTION

The recruitment rate of the population
c The auxiliary parameters
The natural mortality rate
The baseline contact rate
The magnitude of forcing
The natural recovery rate of the infective
The disease-related death rate

a,

=2 a0 o

bl
14+cl

/J:
A
/E

+

=3
A
Y

—» 0 [

A

as BI| al

=
=

Figure 1: The transmission diagram.

©i(0) >0, 0 € [—T,0], ¢;(0) >0,i=1,2,3,
where (1, 2, ¢3) € C. For a function f(t) defined on T, we denote
i :inf{f(t) :tET}, fU:sup{f(t) :teT}.
Throughout the paper we suppose the following hold:

(Hy) A,a,b,c,a,B,7: T — [0,00] are bounded almost periodic functions and satisfy 0 < A
Aty < AV, 0 <al <a(t) <a¥, 0 < b <b(t) <bV,0 < <c(t) <V, 0 < al <alt)
a¥, 0 < gl < B(t) < BY, 0 <yh <o(t) <97

IAINA

Next, we provide some definitions and lemmas which will be useful for later discussions.

Definition 1. /2] A time scale T is a nonempty closed subset of the real numbers R. T has
the topology that it inherits from the real numbers with the standard topology. It follows that the
jump operators o, p: T — T, and the graininess pn: T — RT are defined by

ot)=inf{{eT:£>t}, pt) =sup{{ €T:£<t}, and p(t)=p(t) —t,

respectively.
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e The point t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t,
o(t) =t, o(t) > t, respectively.

o A function g : T — R is called rd-continuous provided it is continuous at right-dense points in
T and its left-sided limits exist (finite) at left-dense points in T.

Definition 2. [2] A function f : T — R is called regressive provided 1 + p(t)f(t) # 0 for all
t € TE. The set of all regressive and rd-continuous functions f : T — R will be denoted by
R = R(T,R). Also, we denote the set

RY=RT(T,R)={f€R:1+ult)f(t) >0Vt €T}
Lemma 1. [8]Ifa>0,b>0 and —b e R*. Then
u?(t) < (>)a —bu(t), u(t) >0, t € [ty, co)T,
implies
bu(to)
a

a
< (>)-
ut) < (2)7 [1+(
Definition 3. [/0] A time scale T is called an almost periodic time scale if
[[={¢eRrR:t+£eT vt eT} {0}

Definition 4. [/0] Let T be an almost periodic time scale. Then a function u € C(T,R™) is
called an almost periodic function if the e-translation set of w i.e.,

Ele,ul = {g €[] : It +¢) —ult) <eVie ’]I‘},

1s a relatively dense set in T for any positive real number €.

_ 1)6(_b) (t,to)], t € [to, 00)T.

Definition 5. [/0] Let D be an open set of R™ and T be a positive almost periodic time scale.
Then a function ¢ € C(T x D,R™) is called an almost periodic function in t € T uniformly for
w € D if the e-translation set of ¢

£{e, 6,5} = {€ € ]+ 16t + &) — o(t,w)] <&, Y(t,w) € Tx S},

1s a relatively dense set in' T for any positive real number €, and for each compact subset S of D.
that is, for any given € > 0 and each compact subset S of D, there exists a constant I(e,S) > 0
such that each interval of length l(e,S) contains a £(¢,S) € E{e, ¢,S} such that

lp(t + &u) — d(t,u)| <e, V(t,u) € T xS.

Next, consider the system
@ (t) = g(t, ), t € T*, (2)

where g : T x Sy — R, Sy = {w € R" : ||w| < M}, ||w|| = supser |w(t)|, g(t, @) is almost
periodic in ¢ uniformly for w € Sy and is continuous in w. To find the solution of the (2), we
consider the product system of (2) as follows:

wi(t) = gt w), 02(t) = g(t. V),

and we have the following lemma.
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Lemma 2. Let V(t,w, V) be Lyapunov function defined on T xSyx Sy and satisfies the following
conditions

(i) A(||l@ —9|)) < V(t,@,9) <B(||[w —1]), where A,B € P,

P ={GeCR"R"):G(0) =0 and G is increasing};

(i) |V(t,@,9) = V(t, @1,%)| < L(|w — @] + || — %1]|), where £ > 0 is a constant;
(i) DYVA(t,w,9) < —AV(t,w, D), where A > 0, -\ € RT.

Further, if there exists a solution w(t) € S of system (2) fort € T, where S C Sy is a compact
set, then there exist a unique almost periodic solution p(t) € S of system (2), which is uniformly
asymptotically stable. Also, if g(t,w) is periodic in t uniformly for w € Sy, then p(t) is also
periodic.

Proof. Let {£,} be a sequence in [] such that ¢,, — +o00 as n — +oo. Suppose that ) € S is a
solution of (2) for t € T*, then ¥(t + £,) € S is a solution of the equation w? (t) = g(t, w). Let
U be a compact subset of T. Then, for any ¢ > 0, there exists large enough integer N(e) such that

A(e) AA(e)
2B(2M)’ 2L

e(—n (L, 0) < |&(t + k@) — gt + b, @)|| <

whenever m > k > N(e). Then from (ii) and (iii), we have

DIVA (8, (t), Yt + by — L)) < =NV (8, 9(8), P (t + Loy — L))
+L||g(t + m — s h(t + . — ) — g(t, 0 (t+ by — L)) ||

< AV, (1), Yt + b — b)) + Mz(e).

Next for m > k > N(¢), t € U and from Lemma 1, we have

V(t+€k,¢(t+€k)a¢(t+€m)) < e(—)\)(t+£k70)v(07w(0)7¢(6m - gk)))

+A(26)(1 — et + 41, 0))
< eon(t+ Lk, 0)V(0,4(0), Yl — 1)) + A<2>
= 22((24) B(2M) + A(;) = A(e).

By (i), for m > k > N(e) and t € U, we get ||¢(t + £y) — ¥(t + €)|| < €, which shows that ()
is asymptotically almost periodic. Then, 1(t) can be written as ¥ (t) = p(t) + r(t), where p(t)
is almost periodic and r(t) — 0 as t — 0. Thus, p(¢) € S is an almost periodic solution of (2).
Further, it can be proved easily that p(¢) is uniformly asymptotically stable and every solution
in Sy tends to p(t), which means p(¢) is unique. Moreover, if g(t, w) is w-periodic in ¢ uniformly
for w € Sy, p(t + w) € S is also a solution. By the uniqueness, we have p(t + w) = p(¢). This
completes the proof. O
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3 Permanence of solutions

In this section, we derive sufficient conditions for system (1) to be permanent.
Definition 6. System (1) is said to be permanent if there are positive constants k, K such that

kE <liminf S(¢) <limsup S(t) < K, k <liminf I(¢) <limsup(t) < K,
t—r00 t—ro0 t—00

t—o00

k< litm inf R(t) < limsup R(t) < K,
—00

t—o0
for any solution (S(t),1(t), R(t)) of system (1).

Lemma 3. Assume that (S(t), 1(t), R(t)) be a positive solution of system (1). If —al, —(al +
BE+~F) € RT, there exist T3 > 0 and K > 0 such that S(t) < K, I(t) < K, R(t) < K for t¢
T3, 00).

Proof. Assume that (S(t),I(t), R(t)) be any positive solution of system (1). It follows from the
first equation of system (1) that
SA() <A(t) — a(t)S(t) < AV — aS(t).

Therefore, by Lemma 1, for arbitrary small € > 0, there exists a 77 > 0 such that
AU
S(t) < aT+€Z: Kl, t e [Tl,oo)’[r. (3)

Next, from the second equation of system (1) and (3), for ¢t € [T1, ),

xS —7)
VRS oy

—la(t) + B() + ()

Y(£)S(t YV Ky
< X0 —alt) + 80) +101() < X1t~ [af + 814210,
By Lemma 1, for arbitrary small € > 0, there exists a Ty > T} such that
UK
I(t) < Xl tei= Ky, te [T, o00) (4)

aE(ak 4 5L 5 7]
Finally, from the last equation of system (1) and (4), for t € [T3, 00|,

b(t)I(t)
A
t) =~(t)I(t ———— —a(t)R(t
R0 =110 + 15 oy 7~ *ORO
b(t) U oY L
< RASA < i
SO0 + 5~ aOR() < {'y Ko+ CL] ol R(t)
By Lemma 1, for arbitrary small € > 0, there exists a T3 > T3 such that
cEAVU Ky + 0V

R(t) < +e:=Kj3, te[l3,00).

clal
Let K > max{Kj, Ko, K3}, then
S(t) <K, I(t) <K, R(t) <K for te[l3,00)r.

This completes the proof. OJ
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Lemma 4. Assume that (S(t),I(t), R(t)) be a positive solution of system (1). If
Akt —pU
(T + B4 70)
and —aY, —(aV + pY +4Y) € R, then there exist Tg > 0 and k > 0 such that

S(t) >k, I(t) >k, R(t) >k for te [T 00)T.

Proof. Assume that (S(t),I(t), R(t)) be any positive solution of system (1). It follows from the
first equation of system (1) and Lemma 3 that, for ¢ € [T3, 00),

AFel > Y, > K,

U U U, L U
A L U X©KS(t) L [04 + (a”a” + x")K
t)y > A" — t) — 5t > A — t).
57 = " S(t) 1+alK — 1+alK 5()
Therefore, by Lemma 1, for arbitrary small € > 0, there exists a T4 > 0 such that
AL(1 +dlK
( +a ) +e:=ky, te€ [T4, OO)'[[‘. (5)

()= al + (aVal + VU)K
Next, define P(t) = S(t) + I(t), t € [Tu,00)T, and calculating the delta derivative of P(t) along
the solutions of (1), we have
__b®I®)
1+ c(t)I(t)

> A(t) = [et) + B(8) +v(0)]S () — [alt) + B() + (D)L (?)

> A(t) — [a(t) + B(t) + YOI () + S(t)) — i(g

P2(t) = A(t) — a(t)S(t) — [a(t) + B(t) + (DI (2)

b(t)I(¢)

1+ ce(t)I(t) ©)

L.L _ U
> (2 28] oV 4 87 4 401P0).

C

By Lemma 1, for arbitrary small ¢ > 0, there exists a T5 > Ty, it follows from (6) that, for
te [T5, OO)7

ALeL _ pU
Plt) > c”—=b
¥+ 574 70)
From the definition of P(¢) and Lemma 3, it follows that
AL L bU
1) 2
ch(al + pY +Y)
By the third equation of the system (1), Lemma 3 and (7), for ¢ € [T5,0), we have
b ko
RA() > [y7hs +
(0) 2 |77k + 1+cVK
By Lemma 1, for arbitrary small € > 0, there exists a Tg > T5, it follows from (8) that, for
t e [T(,, OO)7

+ €.

— K +¢e:=ks. (7)

—aYR(t). (8)

1+ YK) + bk
aV(1+ YK)
Let 0 < k < min{ky, k2, k3}, then S(t) >k, I(t) > k, R(t) > k for t € [T, 00)T. O

R(t) > hL( 4+ e := k3.
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Theorem 1. Assume that the conditions of Lemma 3 and Lemma 4 hold, then system (1) is
permanent.

Proof. Together with Lemma 3 and 4, we can obtain desired result. O

Define
Q :{ (S(t), I(t), R(t)) : (S(t),I(t), R(t))be a solution of (1) and
0< s, <S{)<s*0<i,<I(t)<i* 0<r, <Rt <r }
It is clear that € is invariant set of system (1).
Lemma 5. If hypothesis of Lemmas 3 and J holds. Then 2 # ().

Proof. It can be easily proved. So, we omit it here. O

4 Uniform asymptotic stability

In this section, we establish sufficient conditions for the existence and uniform asymptotic sta-
bility of the unique positive almost periodic solution to system (1).

Theorem 2. If (Hy) and the following holds:
(H3) n >0 and —n € RT, where n = min{n1, n2, o'} where

" :aL N aLXle + X Qs aUXUZ*Z + XUZ-*
(1 + alVi*)2 (1+ali,)?
L XLS* bU XUS* U

_ L L L _ _ _
L G AN G G G s ol s Ry 2

then the dynamic system (1) has a unique almost periodic solution (S(t),1(t),R(t)) € Q and is
uniformly asymptotically stable.

Proof. According to Theorem 1 and Lemma 5, every solution (S(t),1(t), R(t)) of system (1)
satisfies s, < S(t) < s*, ix < I(t) <i*, ro < R(t) < r*. Hence, |S(t)| < A;, [I(t)| < B;, |R(t)| <
C; where A; = max{|s.|,|s*|}, Bi = max{|i.|,|i*|} and and C; = max{|r.|, |r*|}.
)

Denote H(S(t)J(t),R@))H=tS€1}Eg!S(t)!+tS€%g\I()\+sup |R(1)].

Suppose that X = (S(¢),1(t), R(t)), X = (S(t),f(t),f?(t)) are any two positive solutions of
system (1), then R
|X|<A+B+C and |X|<A+B+C.

In view of system (1), we have




54 K.R. Prasad, M. Khuddush, K.V. Vidyasagar

Define the Lyapunov function V(¢, X, X) on Tt x Q x Q as
V(t, X, X) = [S(t) = S@)| + [1(t) = ()] + [R(t) — R()].
Define the norm

1X(8) = X ()| = sup |S(£) = S(8)] + sup |1(t) = I(t)] + sup |R(t) — R(t)]-

teT+ teT+ teT+

It is easy to see that there exist two constants [ > 0, m > 0 such that
X () - X@) < V(X X) <ml|lX(8) - X(@)]).
Let A,B € C(RT,R™), A(z) = Iz, B(x) = ma, then the assumption (i) of Lemma 2 is satisfied.
On the other hand, we have
V(t, X (1), X (1) = V(£ X*(t), X*(t))] = [|S(t) = S@E)| + |I(t) — I(t)] + |R(t) — R(t)]
—[S*(t) = S*(B)] = |[I*(t) — I*(1)| — [R*(t) — R* ()]
< |S(t) = S* ()| + [1(t) — I*(t)| + | R(t) — R*(t)]
HS() = S| + [1(t) — I (1) + +|R(t) — R* (1))
= L[IX = X*@)ll + | X (t) = X*@®)Il],

where £ = 1, so condition (ii) of Lemma 2 is satisfied. Now consider a function W(t) =
Wh (t) + Wg(t) + Wg(t), where

Wi(t) = |S(t) = S()], Walt) = 1(t) — 1(¢)],

and

walt) = 180~ R0+ [ - | [ e -l

1+ati)? (14 aVs
For t € TT, calculating the delta derivative D*Wl( )2 of Wy(t) along system (9), we get

DﬂMﬂﬂgsmMSWG»—ngDHﬂﬂ—§@ﬂA

< sign(S(0(0) - $(a(0) | - a((S(0) - 5(0) - }

< szgn ) [
t—

_ (aMx It - DIt —1) +x(®)I(t 1)) (5() - 5(6)
(1+a(®)I(t =) +a()(t - 1)

X()S(t) - .
AT+ a@ia g ¢ e @ﬂ
alx i + xVix

N LS* ~
hﬂw—swp- X |1t — 1) — it — 7).

- (1+ alVi*)? (1+ aYi¥)
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Similarly,

DWR(t) < sign(I(o(t) — I(o(t) [I(t) ~ 1()]
stnuw@»_jw@»ﬂxmsugu—T> x(BOSWI(t—)

= (a(t) + B + (1) (1(1) = I(1)) — 1 i(tc)(i)(?(t) i i(i)(i)(?(ﬂ]

< SZgTL(I(O’(t)) - j(O’(t))) |:(a<t)X(t)I(t — T)I(t — T) + X(At)[ t— T)) (S(t) _ S(t))

alt) + B(t) +~(1) (I(t) — 1(t))

X(B)S(®) (It —1) — I(t - 7)) ~(alt
b(t)

(14 a(®)I(t — 7)1+ a(t)I(t —1))

<1+d><wxr+d><>ﬁ””1@ﬂ
(IU UZ*2 Z S .
L A
- [(OZL‘FﬁL‘f"Y )+(1+bcw]‘f(t)—f(t)‘y

and

DYWE(t) < sign(R(o(t)) — R(a(1))) [R(t) — R(1)]*

+[GXfS XS*Q]U<> 10 = 1)~ it - )]

+QLZ*)2 (1+G’UZ )
< szgn [’Y t
t)I(t I(t) -
LI Te i~ OO - ko))

bU

U % L

XS X" Sx .
<P’ - I(t) —1I(t
s [7 + (1 + cLiy)? + (1+ ali,)? (1+an*)2]’ (t) ()‘

US* LS* R )
a [(1 iaLi*)Q - (1fayi*)2] [I(t —7) = I(t —7)| — o"|R(t) — R(t)|.

Since V(t) < W(t) for t € T* and by assumption (Hz), it follows that

DF(V(1))® < DT (W) = DY (Ni(t) + Valt) + V(1)

- L+aLXLZ2+X is aUXUZ*Z‘i‘X i* ‘S S( )‘
— |
- (14 aVi*)? (1+ ali,)?
L
. L L L X Sx
[(O‘ Tt A e T T iy
pv XUS*

e ey~ 110 - 10)] - ot - )
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—m[S(t) = S(t)| —me|I(t) = 1(t)] — " | R(t) — R(t)]
—nV(t).
By (Ha2), we see that Condition (4i7) of Lemma 2 is satisfied. Hence, according to Lemma 2,

there exists a unique uniformly asymptotically stable almost periodic solution (S(¢), I(t), R(t))
of system (1) and (S(t), I(t), R(t)) € . The proof is complete. O

<
<

5 Numerical Simulations

In this section we provide some numerical simulations to illustrate the results obtained in the
previous sections.

Example 1. Consider the dynamic susceptible-infected-recovered (SIR) model with saturated
treatment on time scale T :

x(t)S(t)I(t —0.004)
~ 1+4a(t)I(t—0.004)’

SA(t) = A(t) — a(t)S(2)

R P Y R
_ b(t)I(t)
RA(t) =~v(t)I(t) + T5 eI a(t)R(1), )

where A(t) = 0.5 4 |sinv2t|, @« = 5+ |cosV/5t|, B = 0.1, v = 0.02 + |sin7t|, a(t) = 0.5,
b(t) = 0.1, c(t) = 0.05, x(t) =2 x 1072 +2 x 10~*sin((7/6)t). By direct calculations, we obtain
s* = 0.3, * = 0.0004327868853, r* = 0.1715168599, and s, = 0.3446911567, i, = 0.6900990099,
7« = 0.01363200507. Let K = 0.4. Then K > max{s*,i*,r*} = 0.3, Alcl — bV = 0.25 > 0 and
Abcl —pU
ch(aV + Y +Y)
Therefore, by Theorem 1, (10) is permanent.

Now by these values, we get 171 = 5.001855105, 172 = 4.106533372. SO, n = min{ny,n2, a’} =
n2 > 0. By Theorem 2, (10) has a unique almost periodic solution (S(t),1(t), R(t)) € ©Q and
is uniformly asymptotically stable. From Fig. 2-5, we can see that for system (10), there
exists a positive almost periodic solution denoted by (S*(t),I*(t), R*(t)). Moreover, Fig. 6-8
shows that any positive solution (S(t),I(t), R(t)) tends to the above almost periodic solution
(5% (). 1 (1), B (1))

In addition, from Fig. 1-8 when the initial conditions are different, the disease will tend
toward different periodic solutions. So, besides related control measures, we can change the
initial condition to change the tendency of the disease.

= 0.9900990099 > K.

6 Conclusion

In the real nature, due to the interference of various factors, such as seasonal effects of the
weather, food supplies, and mating habits, the coefficients of most of the systems are approx-
imate to certain periodic functions. However, with the uncertainty of the interferences, the
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Figure 2: Positive almost periodic solution of system (10). Time series of S(¢) with initial value
S(0) = 0.12 and t over [0, 50].
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Figure 3: Positive almost periodic solution of system (10). Time series of I(¢) with initial value
I(0) = 0.00028 and t over [0, 50].
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Figure 4: Positive almost periodic solution of system (10). Time series of R(t) with initial value
R(0) = 0.0034 and t over [0, 50].
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Figure 5: Positive almost periodic solution of system (10). Time series of (S(¢),1(t), R(t)) with
initial value (S(0),1(0), R(0)) = (0.3,0.00034, 0.0033).
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Figure 6: Uniformly asymptotic stability of system (10). Time series of S*(¢) and S(¢) with
initial values S*(0) = 0.12, S(0) = 0.3, and ¢ over [0, 50].
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Figure 7: Uniformly asymptotic stability of system (10). Time series of I*(¢) and I(t) with
initial values I*(0) = 0.00034, 1(0) = 0.00028, and ¢ over [0, 50].
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Figure 8: Uniformly asymptotic stability of system (10). Time series of R*(t) and R(t) with
initial values R*(0) = 0.004, R(0) = 0.0034, and ¢ over [0, 50].

coefficients of the systems are not strictly periodic. Therefore, almost periodicity is a more com-
mon phenomenon than strict periodicity. Hence, we dealt with the almost periodic dynamics
of a time-delayed SIR epidemic model with saturated treatment on time scales. By establish-
ing some dynamic inequalities on time scales, a permanence result for the model is obtained.
Furthermore, by means of the almost periodic functional theory on time scales and Lyapunov
functional, some criteria is obtained for the existence, uniqueness and uniform asymptotic sta-
bility of almost periodic solutions of the model. Thus, the mathematical results in the paper are
quite new, and it may have some application value and practical significance for the prediction
and control strategy for corresponding ecoepidemic systems. Our future research will focus on
the stability of the periodic solution and apply our mathematical methods to the research of
special diseases.
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1 Introduction

The differential, difference and dynamic equations on time scales are three equations
play important role for modelling in the environment. Among them, the theory of dy-
namic equations on time scales is the most recent and was introduced by Stefan Hilger
in his PhD thesis in 1988 [13] with three main features: unification, extension and dis-
cretization. Since a time scale is any closed and nonempty subset of the real numbers
set. So, by this theory, we can extend known results from continuous and discrete anal-
ysis to a more general setting. As a matter of fact, this theory allows us to consider time
scales which possess hybrid behaviours (both continuous and discrete). These types
of time scales play an important role for applications, since most of the phenomena in
the environment are neither only discrete nor only continuous, but they possess both
behaviours. Moreover, basic results on this issue have been well documented in the
articles Agarwal and Bohner [1], Agarwal et al. [2] and monographs of Bohner and
Peterson [6,7].

The study of turbulent flow through porous media is important for a wide range of
scientific and engineering applications such as fluidized bed combustion, compact heat
exchangers, combustion in an inert porous matrix, high temperature gas-cooled reactors,
chemical catalytic reactors [8] and drying of different products such as iron ore [16].
To study such type of problems, Leibenson [14] introduced the following p-Laplacian
equation,

(b, (9'(1)) = f(t,9(1),9 (1)),

where ¢,(9) = [J[P"*9, p > 1, is the p-Laplacian operator its inverse function is
denoted by ¢, (7) with ¢, (7) = |7|97*7, and p, ¢ satisfy 1/p+1/q = 1. Itis well known
fact that the p-Laplacian operator and fractional calculus arises from many applied fields
such as turbulant filtration in porous media, blood flow problems, rheology, modelling of
viscoplasticity, material science, it is worth studying the fractional differential equations
with p-Laplacian operator.

In this paper, we consider an operator ¢ called increasing homeomorphism and posi-
tive homomorphism operator(IHPHO), which generalizes and improves the p-Laplacian
operator for some p > 1, and ¢ is not necessarily odd. Liang and Zhang [15] studied
countably many positive solutions for nonlinear singular m—point boundary value prob-
lems on time scales with IHPHO,

(@02(1)" +a(t) f(9(t)) =0, t € [0,T]z

3

9(0) = ad(&), v3(T) =0,

i=1

by using the fixed-point index theory and a new fixed-point theorem in cones.
In [9], Dogan considered second order p—Laplacian boundary value problem on time
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scales,

(0, (02(1)))Y + w(t) f(t,9(t)) = 0, t € [0, Ty
9(0) = Z a9(&), op(92(T)) = Z b, (V2 (&),

and established existence of multiple positive solutions by applying fixed-point index
theory.

Inspired by aforementioned works, in this paper by applying Holder’s inequality and
Krasnoselskii’s cone fixed point theorem in a Banach space, we establish the existence
of denumerably many positive solutions for dynamical iterative system of two-point
boundary value problem with n singularities and involving IHPHO on time scales,

d(U3V (1) + () f; (V1 (t) =0, 1 < j <4, t €[0,F)q (L
oy1(t) = 01(1), t € [0, %], '
¥;(0) = /T k(s)V(s)Vs, 1 <j </,
0 (1.2)

V(%) = /0T k(s)V(s)Vs, 1 < j </,

where ¢/ € N, ((t) = H Ci(t) and each (;(t) € L ([0, F]r)(p; > 1) has a singularity in

i=1
T
the interval (O, 5) and ¢ : R — R is an IHPHO with ¢(0) = 0.

A projection ¢ : R — R is called a IHPHO, if the following three conditions are
fulfilled,

(a) d(m1) < d(72) whenever 71 < 75, for any real numbers 7, 75.
(b) ¢ is a continuous bijection and its inverse ¢ ' is continuous.
(¢) &d(1172) = $(71)P(72) for any real numbers 7, 75.

We assume the following conditions are true in the entire paper:

(Hy)  fj:]0,400) = [0,+00) and & : [0, T]r — [0, +00) are continuous,

. <
(Hy) there exists a sequence {t, } >, such that 0 < ¢, < ¢, < 5

T
lim ¢, = t* < =, lim {;(t) = +o0, i,7 € N
27 t—t,

T—00

and each (;(t) does not vanish identically on any subinterval of [0, T|r. Moreover,
there exists 0; > 0 such that

8 < ¢ (G(t) <ocae.on0,Fr, i =1,2,---,n.
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2 Preliminaries

In this section, we introduce some basic definitions and lemmas which are useful for
our later discussions; for details, see [3-6,11, 18, 19].

Definition 2.1. A time scale T is a nonempty closed subset of the real numbers R. T has
the topology that it inherits from the real numbers with the standard topology. It follows
that the jump operators o,p : T — T, and the graininess ;1 : T — R™ are defined
by o(t) = inf{r € T : 7 > t}, p(t) = sup{r € T : 7 < t}, and p(t) = p(t) —t,
respectively.

e The point ¢ € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t,
p(t) <t,o(t) =t,o(t) > t, respectively.

e If T has a right-scattered minimum m, then Ty, = T\{m}; otherwise Ty = T.
e If T has a left-scattered maximum 1, then T* = T\ {m}; otherwise T* = T.

e A function f : T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of all
rd-continuous functions f : T — R is denoted by C,.q = C\.4(T) = C,4(T, R).

e A function f : T — R is called 1d-continuous provided it is continuous at left-dense
points in T and its right-sided limits exist (finite) at right-dense points in T. The set of
all 1d-continuous functions f : T — R is denoted by Cjy = C1y(T) = C1y(T, R).

e By an interval time scale, we mean the intersection of a real interval with a given time
scale. i.e., [a, b]r = [a, b] N T other intervals can be defined similarly.

Definition 2.2. Let ua and py be the Lebesgue A— measure and the Lebesgue V—
measure on T, respectively. If A C T satisfies ua(A) = uv(A), then we call A is
measurable on T, denoted y(A) and this value is called the Lebesgue measure of A. Let
P denote a proposition with respecttot € T.

(i) If there exists £y C A with ua(E;) = 0 such that P holds on A\ £, then P is
said to hold A—a.e. on A.

(i) If there exists Fy C A with py(Es) = 0 such that P holds on A\ Es, then P is
said to hold V-a.e. on A.

Definition 2.3. Let £ C T be a V-measurable set and p € R =RU{-o00,+00} be
such that p > 1 and let f : F — R be V—measurable function. We say that f belongs
to L% (E) provided that either

/ FP(s)Vs < 00 if peR,
FE
or there exists a constant M/ € R such that

|fI <M, V—ae onkE if p=+oo.
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Lemma 2.4. Let E C T be a V-measurable set. If f : T — R is a V—integrable on F,
then
/f Vs—/f (s)ds + > (ti — p(t:)) F (L),
’LEIE

where I :={i € I : t; € E} and {t;}ic1, I C N, is the set of all left-scattered points
of T.

T

Lemma 2.5. Suppose 0 < n < 1, where n = / k(T)VT. Then for any o(t) €
0

C([0, %]r), boundary value problem,

bRV (1) = oft), t € [0, T, 2.1)
T
00) = (D) = [ K@) 22)
0
has a unique solution
T
0(t) = [ Ne.D0 el0) v 3
0
where
1 T
N(t,T) = No(t, T) + Tq No(T1, T)k(T1) V1, (2.4)
0
in which
1 [ t®F—1), t<T,
No(t,T) = = 2.5
o(t, T) I{T(‘Z—t),’tgt (2.5)

Proof. Suppose 1, is a solution of (2.1), then

// ¢ (o(t)) VT AT+ At + B

_ /t—T)d) o(t)) VT + Art + As,

where A; = 9¥2(0) and A, = ¥, (0). By the conditions (2.2), we get

T
A=z [ E-08 )T
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:/OTMT)[_/OT(T—TW (o(m)) VT
+ 2 [ e ofm) v | Ve

1 /Os {/OsNo(“ S)H(T)VT} & (o(T)) V.

l1—n

So, we have
0 == =007 @) Ve + [ LE -0 em)vr

+

T
1in/o { No(T1, T)A (T )VT]d) Ho(m)VT
¢ T, .
/OT(Q )~ ((T))VT+/ g(I_T)d) (o(T))VT

[
{/ No(T1,T)R Vﬁ}d) (o(1))VT

- / Ro(t, T)b " (o(T)) VT

[ / (51, ()| 67 (o)

:/0 {No(t ) + 1_n/OTNO(T k(T )VT1] ¢~ (o(T)) VT

T
:/0 N(t, 1)~ (o(T)) VT,
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This completes the proof. [

T =
Lemma 2.6. Assume that (Hy) holds and let 3 € (0, 5) and n; = / k(L) V.
3

T
Then R (t, T) and N(t, T) have the following properties:

(i) No(t,T) > 0and X(t,t) > 0 forall t,T € [0, F|r,

(ii) No(t,T) < Wo(T,7), N(t,T) < N(T,7) < . 1 No(T,7) forall t,t € [0, %],

-1

(iii) No(t,T) > =No(7,7) forallt € [3,% — 3]r and T € [0, T|r

| >

(iv) X(t,T) > ANo(T,T) where A\, = % {1%— 1]15T1] yforallt € [3,% — 3|t and
TE [0,‘3]11‘

Proof. Inequalities (i) and (ii) are obvious. To prove (iii), let ¢ € [3,T — 3. Then, for
I<t<tT<g,

andforO0 < t<t<%,

This proves (iii). Next, for t € [3, T — 3]r, we have

1 T
R(ET) =No(t. D)+ 1 [ Mo, ) Vg
- 0

T3
No(T,T) + T-n No(T1, T)r(T1) VT
3
1 g
y ) + ﬁ : §N0<T, T)lﬁ("ﬁ)VTl
R e U

v

AV
Al e e

No(

a
s

Vv
z

=
A
.

I
m>J
z
o
Ra!
a

This completes the proof. 0

Notice that an {—tuple (V1(t), J(t), V3(t),- - -, J4(t)) is a solution of the iterative
boundary value problem (1.1)—(1.2) if and only if

Uilt) = / T (L) £ (051(0)] VT, £ €[0,T]r, 1< 5 <0,
19“_1(15) = 191(t), t e [O,E]']r,
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1.e.,

i) = [ “N()e [cm)fl( / "N e [cm)fg( / M)

T
x ¢ [C(rg)fg(/o (T3, T4) - -
e ( /oT Rt )b [4(7e) fol @1 (7)) VTe) e ng} VTQ} V.

Let X be the Banach space Cj4([0, T|r, R) with the norm ||| = r%aé |9(t)|. For
te|0,%]r

T
3 € (O, 5) , we define the cone P; C X as

P, = {19 € X : 9(t) is nonnegative and min  J(t) > A;(1 — n)||19(t)||},

telz, 1—3lr

For any 1J; € P;, define an operator €2 : P; — X by

o) = [ N [anm( JAECRAT S EERA

x ¢! |:C(T3)f3</OTN(T37T4) -
x f“( /OTN(r“,rg)qﬂ () fgwl(n))}wa ...ng] VTQ] Ve,

T
Lemma 2.7. Assume that (Hy)—(H3) hold. Then for each 3 € (0, 5) , Q(P,) C P, and

(1 : P; — P, is completely continuous.

Proof. From Lemma 2.6, X(¢,t) > 0 for all t, 7 € [0, T|r. So, (291)(¢) > 0. Also, for
1 € P, we have

@) <y [ olm e [cmm( JAEERST

< fz(/jrz(@,m)q)—l {C(Tg)fg(/ja(%m .

X fg_l( /0 TN(n_l,n)cp—l[c(n) fg(ﬂl(n))}w) ---VTg} VT2:| vT,.
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So,

Again from Lemma 2.6, we get
T T
min (@000} 24 [ Ro(rme [cmm ( JACRArS [am
0 0

te(3,T—3]T
X fQ(/OTN(Tg,Tg)q)—l [c(rg)fg(/OTN(Tg,T4)...
X f£1</OTN(T@1’T€)¢1 [C(Te)fe(ﬁl(ﬁ))}vw) x 'VT3:| VTQ} v

It follows from the above two inequalities that

min - {(Q01)(6)} > A,(1 = )[04 ]].

tef3T—3]T

So, W, € P; and thus Q(P;) C P,. Next, by standard methods and Arzela—Ascoli
theorem, it can be proves easily that the operator €2 is completely continuous. The proof
is complete. [

3 Denumerably Infinitely Many Positive Solutions

For the existence of denumerably many positive solutions for iterative system of bound-
ary value problem (1.1). We apply following theorems.

Theorem 3.1. [10] Let E bea cone in a Banach space X and Ay, Ay are open sets with
0€ A1, Ay C Ay Let A: EN(A\A1) — & be a completely continuous operator such
that

(a) ||Az|| < |lz]|, z € ENIAy, and || Az|| > ||z]|, z € EN DA, or
(b) ||Az|| > |lz]|, z € ENOAy, and || Az|| < ||z]], z € €N OA.

Then A has a fixed point in € N (A\A).
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Theorem 3.2 (See [7,17]). Let f € L(J) withp > 1,9 € LL(J) with g > 1, and

1 1
>Te=" Then fg € Lg(J) and | fgllpe < fllzz ll9lle .
where
/|f|p VS ) pER,
1 £l e, =
1nf MER/|f|<MV—ae onJ} = 00,
and J = (a, b|t.
_ "1

Theorem 3.3 (Holder). Let f € L%(J) withp; > 1,fori=1,2,--- ,nand Y — =1.
— Di
=1

Then Hfl € Ly (J) and

=1

=1 Iy =1
Further, if f € Ly(J) and g € LY (J). Then fg € Ly(J) and

gl < /1Tl glloe-

Consider the following three possible cases for ¢; € L%([0, T]r) :

n n n

(z‘)Zl<1, (z'i)z]%:l, (iiz’)zpli>1.

i=1 pi i=1 " i=1

~ 1
Firstly, we seek denumerably many positive solutions for the case Z — < 1.
Di

Theorem 3.4. Suppose (Hy)—(Hz) hold, let {3} | be a sequence with 3, € (t,41,t,).
Let {E,}2, and {O,}22, be such that

E.q < ‘%OT <0,<30,<E,, reN,

n T=31 -1
3= max{ [)\31 H 62-/ Ny (T, T)VT] : 1}.
: "

Assume that f satisfies

(C1) f;(9) < S(OME) V€ [0,Fr, 0<V < E,,

where B
1 " -
< [1 __nHNoHquEH(D 1(Ci)Hvai] :

where
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(C) £3(9) > $(30,) Yt € 3,1 — 3], %’“OT <9<0,.

Then the iterative boundary value problem (1.1)—(1.2) has denumerably many solutions
{(19[1T],79[T] : 19[T]) © | such that 19[ }( t)>00n[0,%]r,7=1,2,---,Landr € N.
Proof. Let

Ay ={9ex: 9| <E}, Ay ={0eX: |9 <O}

be open subsets of X. Let {3, }.~, be given in the hypothesis and we note that
t*<tT+1<5r<tT<§,
forall r € N.
For each r € N, we define the cone P;_ by

| | 5
= {19 €X:9(t) >0, min 9(t) > EHﬁ(t)H}

t€f3r, T—3rlT

Let 1 € P;, N OAy,. Then, J;(1) < E, = ||¢4]| for all T € [0, F]7. By (C}) and for
To—1 € [0, %]r, we have

T
e AL G AT AN A
0
T
< T [ ol m)o 2] 9
13: n
< P8 o [ T[] vx
—N Jo i=1
T n
< [t [0 @) v

1 1
There exists a ¢ > 1 such that — + Z — = 1. So,
qa = Pi

)

/0 R(Te, )b [(7e) fo(91(72))] Ve <

‘ Lvi

o H qu%c»HL@-
=1

< E,.
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It follows in similar manner (for t,_ € [0, ¥], ) that

/Oz R(Ty2, Te—1) [C(Tgl)fm ( /0T (1, ) b [C(7) fol(D (12))] VT():| V1,

< /0 R(Trz T )b [C(res) o ()] Ve

1 T
< T-n No(Te—1, Te-1)d " [C(Te—1) fe-1 (Er) | Vs
—MJo
M E, [*
<7 - / Ro(Te—1, Te—1) ' [(Te-1) | VT
—N Jo
I E, [* -
< 1 . / No(Tr—1, Te—1)P~ I[HQ Te—1 :|VTZ 1
—N Jo i1
mE, [* “
< 11 / No(Tr—1, Te—1 H¢1Cz7-€1 ))VTey
—Nn Jo el
[z H ||¢_1(C¢)HL@'
i=1
< FE,.

Continuing with this bootstrapping argument, we get

i) = [ N [cmm ([ wemer ez [ s

x 7 {C(Ta)f?,(/;mm,u) -

% fos ( /0 N )b () f@(ﬁlm))}vn) . v@,} vfrzl v,
<F,.

Since E, = ||04|| for ¢, € P;, N OA;,, we get
1291 < [[94]]- 3.1

Lett € [3,,F — 3,|r. Then,

O, = [91] > 0h(t) > min  9y(t) > %Hﬁlu > Z%OT.

LE[3r,T—3r]T
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By (Cs) and for 1,1 € [3,,% — 3.1, we have

/0 R(T 1, T0) " [4(7) fol0h (72))] Vs

T—3r
> A, / No (e, o) [C(7) fe (D1 (72))] Ve

dr

T—3r
22,30, [ Rl m)e (@m) v
3r

T—5r
22,30, [ Nl [[07 (@m) v

dr i=1
n 1751
> 7,30, [ & / Ry (0, T VT
i=1 3

> O,.

Continuing with bootstrapping argument, we get

@) = | N)p [cm)fl ( / “N(r o [(:(Tz)fg( / “N(e )

x ¢! {C(Ts)fz(/j R (s, T4) - -

T
X for ( / R(te 1, )b [C(mfe(mm))]w) . wg} v@} v,
0
>0,.
Thus, if ¥, € P,, N JA,y,, then
1901 > (191 (3.2)

It is evident that 0 € Ag ), C Kg,k C Ay . From (3.1),(3.2), it follows from Theorem
3.1 that the operator ( has a fixed point 9" € P, (A1, \A2,) such that (1) > 0
on [0, T|r, and r € N. Next setting J,,; = ¢J;, we obtain denumerably many positive
solutions { (9}, 941, . 09I}, of (1.1)~(1.2) given iteratively by

ﬁj(t) - /OTN(t7T>¢1 [C(T)fj(ﬁjJrl(T))} VT’ te [073:]71‘7 J= €,€ - 17 Y L.

The proof is completed. ]

n

For Z — =1, we have the following theorem.

im1 i
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Theorem 3.5. Suppose (H)— (Hs) hold, let {3,}.°, be a sequence with 3, € (t,11,t,).
Let {E,}2, and {O, }2 | be such that

E. < %”Or <0,<30,<E,, reN,

where .

3=max{ [ 31H6 /(Z ) NO(T,T)VT] , 1}.

Assume that f satisfies

(Cs) f;(0) < d(OMMLE )Vt e[0,Tr, 0<I < E,,
where

-1
1 n
9)?2 < min [m”NOHL%OHH(I)_I(Cz)HL@] 73 )
=1

(C1) F0) = 6(30,) ¥t € [3.1=3,)r, 20, <9 <O,
Then the iterative boundary value problem (1.1)—(1.2) has denumerably many solutions

{(19[{]719 . ﬁ[T]) © | such that 19“( ty>00n[0,%]r,j=1,2,---,Landr € N.

Proof. For a fixed r, let A; , be as in the proof of Theorem 3.4 and let ¥; € P, N OAg,.
Again
191(’1-) S Er = ||191||7

for all T € [0, T]r. By (C3) and for 1,1 € [0, T, we have

N(Teo1, ) [C(72) fo(Vh (7)) ] VT

T

i No (e, o) b~ [C(7) fe (D1 (2))] VT

T
/0 NO(Téy Tg)d)_l [C(TZ)} VT@

/0 n

T
< iszT/O NO(T€7T€>H¢_1(Ci<T€>)VT€

1-—- ,
=1

s T 167 @l
=1

IN S
—
—_

3
&=

< 2
=9 _
My
1 —

=3

=
A

Ro(Te, 7)™ 1[ch }w

i=1

=3

3
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It follows in similar manner (for t,_ € [0, ¥], ) that

/Os N(To_g, Te—1) P {C(Te—l)fe_l (/03: N(Te—1, Te)d " [C(7e) fo (D1 (70))] VTE)] VT

< /0 N(Tpmg, Tp—1)d " [Q(Te-1) fe-1 (Er) | VT

1 T
< T—n Ro(Te—1, T—1) b~ [C(Te-1) fo-1(Er) | VTeoy
—NJo
My E, [*
< 1 2 / Ro(Te—1, Tm1) b~ [(Te-1)] VTeoy
—MN Jo
MyE, [* -
=73 : / No(Te-1, Te-1) P~ 1[1_[(:1 To-1 ]VU 1
—M Jo i1
2E’I‘ * -
7 / Ro(Te-1, Te1) [ [ &7 (Ci(e1)) Vs
—MN Jo i1
”L%°HH¢71(C¢)HL@
i=1
<E,.

Continuing with this bootstrapping argument, we get

@i = [ N [(:(Tl)fl ([ wemer [emiss( [ s

<o e [ W

« for ( / N )b () fg(ﬁl(n))}w) . ng} v@} v,
<E,. 0
Since E, = ||4|| for ¢4 € P;, N OA;,, we get
120 < (|94 ]. (3.3)
Now define Ay, = {t)y € X : ||| < O,}. Let¥ € P, NOAy, andletT € [3,, T —

3-|T- Then, the argument leading to (3.2) can be done to the present case. Hence, the
theorem. ]

"1
Lastly, the case Z — > 1.



168 K. R. Prasad, M. Khuddush, K. V. Vidyasagar

Theorem 3.6. Suppose (H)—(H>) hold, let {3,}.°, be a sequence with 3, € (t,11,t,).
Let {E,}2, and {O, }2 | be such that
E.q< ‘%Or <0,<30,<E, reN,

where

n T3
3= max{ Ay, Héi/ Ro(T, T) VT

Assume that f satisfies

(C5) f;(0) < GME,) YVt e[0,%]r, 0<V <E,,

where

-1
, 1 S
M, < min [ﬁHNoHngHd’ 1(@-)!]4 30,

(C) 1) = $(30,) ¥t € 5.1~ 3], FO, <V <O

Then the iterative boundary value problem (1.1)—(1.2) has denumerably many solutions
{(19[17«]719[;]7 19[7"]) © | such that 19“ (t)>00n[0,%]r,j=1,2,---,Landr € N.

Proof. The proof is similar to the proof of Theorem 3.1. Therefore, we omit the details

here. O]

4 Examples
In this section, we present an example to check validity of our main results.

Example 4.1. Consider the following boundary value problem on T = [0, 1].

PO+ LOB0(0) =0 =12
s(t) = m@, wh

m®:mm:/§mmﬁ

where 99
27 19 S 07
d(9) = 1+9
92, 9 >0,

C(t) = G(t)Ca(t)
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in which . .
L) = —7 and  G) = — .
|t — ]2 |t — 32
(1 1 ¥ € (1071% +00)
50 ) ) )
—(16r+8) __ 1 —16r
149125 x 10 55 X 10 (9 — 10_16T) . i 10167
10—(16r+8) — 10-16r 50 )
9 e |:10(161"+8)’ 1016r:| 7
[0 = f,(0) = 149125 x 10~ (167+8) 9 c (% x 10~ (16r+8) 10(16r+8))’
—(16r+8 1 —(16r+16
149125 x 107109 — &5 x 10~ 10+ )(19 — 10~(16r+16))
% % 10— (16r+8) _ 10— (16r+16)
1
2oy 10—(16r+16)’
+50
9 e [ 10-(6r+16) 1 « 10~ 16r+8) |
\ "5
Let
31 < 1 1
tr = — — 75r:_(tr+tr+1)7r:172’3’”"
4
64 —~ 4(k+1) 2
then
15 1 - 15
7307 6as T 32
and 1
tr—l—l < dr < t'm dr > g
Therefore,
w1193
‘I - 37" 57 j - )~y .
It is clear that
15 1
=y <o br—trpn= 0, 7 =1,2,3,-- .
1= 359 +1 A(r + 2)3 r
Since Z — = T and — = W—, it follows that
—— 4490 — 52 6
7j=1 7j=1
3 & 1 47 1
t" = limt, = — — —_— = — = — > -,
rhee " 64 2 Ar+1)% 64 360 5
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1
(1,00 € LP[0,1] for all 0<p<2, so 61:62:%.
T 1 1 1 T—31 1
n— / K(T)VT = / Sdt=—-m,, = / K(H)Vt = = (1—23;) = 0.03279320988,
0 0 2 2 5 2
A, =21 14 2n,) = 0.4978492109
31 T _ =31 M) = U ;
T—31 1-32+=
/ No(T,T)VT = (1 — T)dt = 0.01637309451.

n T3 -1
3 Zmax{ [7\311"[51-/ 5 NO(T,T)VT] , 1}
i=1 3

= max {386.1654402, 1}

= 386.1654402.

1 q
Nollze, = {/ |N0(T,T)|qd1] <1 forany 0 < ¢ < 2.
0

Next, let 0 < a < 1 be fixed. Then (;, {; € L'™[0, 1]. It follows that

1 - L] T
1) l1ra = {m (55 +1) 2% }

1
14a

4

&~ (C2)[l14a = [m (2’%“ i 1) (1/3)7]

So, for 0 < a < 1, we have

-1

< 185.5612032.

i=1

1 e
0.1811770116 < [EHNoHLqVHHd) G|z

Taking 91; = 0.17. In addition if we take
E, =107%, 0, = 10-®*9,

then

B, =106 < L 0=t < 3
T 5 g T

<0, =107+ « B =107%,
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30, = 386.1654402 x 107+ < 0.17 x 107 = O E,, r =1,2,3,--- ,and f1, fo
satisfies the following growth conditions:

f1(0) = fo(9) <OOME,) = MIE? = 0.0289 x 107" 9 € [0, 1016’“}

f@0) = f2(9) 2 $(30,) = 3°0;

1
=149123.7162 x 10~ U+8) 9 € {g x 10~(67+8) 10(16r+8>}

Then all the conditions of Theorem 3.4 are satisfied. Therefore, by Theorem 3.4, the

iterative boundary value problem (1.1) has denumerably many solutions {(19[1T], 19[;]) 1
such that ﬁg-r](t) >0onl0,1],7=1,2andr € N.
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Abstract

In this paper, we consider an iterative system of singular multipoint boundary value prob-
lems on time scales. The sufficient conditions are derived for the existence of infinitely
many positive solutions by applying Krasnoselskii’s cone fixed point theorem in a Banach
space.
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1 Introduction

Differential equations with state-dependent delays have attracted a great deal of interest to
the researchers since they widely arise from application models, such as population models
[4], mechanical models [19], infection disease transmission [28], the dynamics of econom-
ical systems [5], position control [9], two-body problem of classical electrodynamics [15],
etc. As special type of state-dependent delay-differential equations, iterative differential
equations have distinctive characteristics and have been investigated in recent years, e.g.
equivariance [30], analyticity [31], convexity [27], monotonicity [16], smoothness [12].
Recently [17], Feckan, Wang and Zhao established the maximal and minimal nondecreas-
ing bounded solutions of the following iterative functional differential equations
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x (1) = g(t,xV(0),x2@), ..., x" 1),

where x® () := x(x*V)(r) indicates the i-th iterate of x, where i =1,2,...,n, by the
method of lower and upper solutions.

On the other hand, the theory of time scales was created to unify continuous and dis-
crete analysis. Difference and differential equations can be studied simultaneously by stud-
ying dynamic equations on time scales. A time scale is any closed and nonempty subset of
the real numbers. So, by this theory, we can extend the continuous and discrete theories
to cases ”in between.” These types of time scales play an important role for applications,
since most of the phenomena in the environment are neither only discrete nor only continu-
ous, but they possess both behaviours. Research in this area of mathematics has exceeded
by far a thousand publications, and numerous applications to literally all branches of sci-
ence such as statistics, biology, economics, finance, engineering, physics, and operations
research have been given. Moreover, basic results on this issue have been well documented
in the articles [1, 2] and monographs of Bohner and Peterson [7, 8]. There is a great deal of
research activity devoted to positive solutions of dynamic equations on time scales, see for
example [14, 20, 21, 24-26] and references therein.

In [22], Liang and Zhang studied countably many positive solutions for nonlinear singu-
lar m—point boundary value problems on time scales,

((p(XA(t)))v +af(x(0) =0, t € [0,aly
m—2

x(0) = ) a;x(&), x*(a) =0,

i=1

by using the fixed-point index theory and a new fixed-point theorem in cones.
In [13], Dogan considered second order m—point boundary value problem on time
scales,

(0,2 " + o) (1,x(1)) =0, 1 € [0, T]y
m=2

m—2
x(0) = Y ax(&), ¢, = Y b, xA(E)),
i=1

i=1

and established existence of multiple positive solutions by applying fixed-point index
theory.

Many researchers have concentrated on studying first order iterative differential equa-
tions by different approaches such as fixed point theory, Picard’s successive approximation
and the technique of nonexpansive operators. But the literature related to the equations of
higher order is limited since the presence of the iterates increases the difficulty of studying
them. This motivates us to investigate the following second order dynamical iterative sys-
tem of boundary value problems with singularities on time scales,

220 + Mg, (x,1(0) =0, 1 <€ <, 1€ (0, G(a)]T}

- (D
X1 () = %,(1), 1 € (0,06(a)ly,
n—-2
x2(0) =0, x,(c(@) = Y ex, (G, 1< <m, @)

k=1
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where neN, ¢ €R*:=[0,400)  with Z"j g <1, 0<{ <o(a)/2,
ke {1,2,....n=2,}, Mt) = [T_, M(») and each A,(r) € LI};"((O, o(a)]y)(p; > 1) has a sin-
gularity in the interval (0,c(a)/2];. By applying Holder’s inequality and Krasnoselskii’s
cone fixed point theorem in a Banach space, we establish the existence of infinitely many
positive solutions for the system (1). Equation (1) in real continuous time scales describes
diffusion phenomena with a source or a reaction term. For instance, in thermal conduction,
it can be interpreted as the one-dimensional heat conduction equation which models the
steady-states of a heated bar of length a with a controller at x = a that adds or removes heat
according to a sensor, while the left endpoint is maintained at 0°C and g is the distributed
temperature source function depending on delayed temperatures. We refer the interested
reader to [10, 11] and the references therein for more details.
We assume the following conditions are true throughout the paper:

(H;) g, :[0,4+00) — [0, +00) is continuous.
(H,) there exists a sequence {7,}%, such that0 < 7,,; <1, < 6(a)/2,

lim 1, = 1* < o(a)/2, lim A, (1) = +o0, i = 1,2, ..., m.
r—00 =1,

Further, for eachi € {1,2,...,m}, there exist ; > 0 such that A,(r) > 9.

2 Preliminaries

In this section, we introduce some basic definitions and lemmas which are useful for our
later discussions.

Definition 2.1 [7] A time scale T is a nonempty closed subset of the real numbers R. T has
the topology that it inherits from the real numbers with the standard topology. It follows
that the jump operators 6,p : T — T, and the graininess ¢ : T — [0, +o0) are defined by
o)=inf{t €T : t>t},p(t) =sup{t € T : T < t},and u(t) = o(¢) — ¢, respectively.

e The point r € T is left-dense, left-scattered, right-dense, right-scattered if p(¢) =1,
p(t) < t,0(t) = t,0(t) > t, respectively.
If T has a right-scattered minimum m, then T, = T\ {m}; otherwise T, = T.
If T has a left-scattered maximum m, then T* = T\ {m}; otherwise T* = T.
A function f : T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of all
rd-continuous functions f : T — Ris denoted by C,;, = C,,(T) = C,,(T,R).

e A function f : T — R is called 1d-continuous provided it is continuous at left-dense
points in T and its right-sided limits exist (finite) at right-dense points in T. The set of
all 1d-continuous functions f : T — R is denoted by C;; = C,(T) = Cp,(T, R).

¢ By an interval time scale, we mean the intersection of a real interval with a given time
scale. i.e., [a, bly = [a,b] N T. Other intervals can be defined similarly.

Definition 2.2 [6] Let u, and py be the Lebesgue A— measure and the Lebesgue V—meas-
ure on T, respectively. If A C T satisfies u,(A) = py(A), then we call A is measurable on T,
denoted p(A) and this value is called the Lebesgue measure of A. Let P denote a proposi-
tion with respecttor € T.
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(i) If there exists I'} C A with u, (I';) = 0 such that P holds on A\I';, then P is said to
hold A-a.e. on A.

(ii) If there exists I'; C A with uy(I',) = O such that P holds on A\I',, then P is said to
hold V-a.e. on A.

Definition 2.3 [3, 6] Let E C T be a A—measurable set and p € R = R U {—o0, +o0} be
such that p > 1 and let f : E — R be A—measurable function. We say that f belongs to
L’ (E) provided that either

/ FP(6)As < 0 i p € [1,+o0),

E
or there exists a constant M € R such that
fl <M, A—a.e.onE if p=+oco.
Lemma 2.4 [29] Let E C T be a A—measurable set. If f : T — R is A—integrable on E,

then

[roms= [ roas+ 3 (o) - 1))+ 1.5,
E E

i€lp
where

_ o mEY (M), it NeT,
. E) = { O,Nif NegT,

Ip :={i€l : t;€ E}Yand{t;};c;. 1 C N, is the set of all right-scattered points of T.
Definition 2.5 [29] Let £ C T be a V-measurable set and p € R = R U {—co0,4c0} be

such that p > 1 and let f : E — R be V—measurable function. Say that f belongs to L@ (E)
provided that either

/[flp(s)Vs <o if peR,
E
or there exists a constant C € R such that

IfI<C, V—ae.onE if p=+co.

Lemma 2.6 [29] Let E C T be a V-measurable set. If f : T — R is a V-integrable on E,
then

/ f($)Vs = / fs)ds + Z (1, = p())f(@)),
E E

iely

where Iy :={i €l . t; € E}and {t;};c;,] C N, is the set of all left-scattered points of T.
Lemma 2.7 For any y(t) € C,;((0, o(a)ly), the boundary value problem,

V(@O +y@) =0, t € (0,06(a)]y, (3)
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n-2

x2(0) = 0, x,(c(a)) = Z %, (G )

k=1

has a unique solution

o(a) o(a)
x,(1) = / REOOVT+ ch / RGOy (5)
0 | Ck k= 0

I
k
where

_Jol@—t if 0<t<1<0(a),
N )_{G(a)—‘c, if 0<1<7<o(a). ©)

Proof Suppose x, is a solution of (3), then
t T
x, () = —/ / y(t,)Vt At + Ar+B
0o Jo
t
- / (t—71)y(t)Vt + At + B,
0

where A = XIA(O) and X = x,(0). Using conditions (4), we get A = 0 and

n—2

o(a)
B= / (6(a) = DY@V + ). €%, ().
0 k=1

So, we have
t o(a) n—2
50 == [t=oy@ver [ @ -oymves ¥ on@
f) " =l )
= /0 N(t, T)y()VT + sz %, (G-

Plugging ¢ = {;, and multiplying with ¢, then summing from 1 to n — 2 in the above equa-
tion (7), we obtain

o(a)
%) = D——— Z Cp / N, 1)y(T)VT. 8)
k=1 Ck k=10
Substituting (8) into (7), we get required solution (5). This completes the proof. O

Lemma 2.8 Suppose (H,(H,) hold. Let n e (0,06(a)/2);y with (, € [n,o(a) —nly,
ke {1,2,:--,n—2}, the kernel N(t, T) have the following properties:

1) 0N(,1) <N(t,7)forallt,t € [0,06(a)ly,
(i) %N(’C,T) <N(t,7) forallt € [n,0(a) —nlyand T € [0,06(a)ly.

Proof (i) is evident. To prove (ii), let # € [, 6(a) — n]y and T < ¢. Then
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N(,1)  ola)—t S n
N(t,7) o@ -1t o)

Fort <,
NIt ol@-1 > n
N(t,7) o@-1t o)
This completes the proof. a
Notice that an n—tuple (x,(?), X, (%), x3(9), ..., x,(?)) is a solution of the iterative boundary
value problem (1)—(2) if and only if

o(a)
x.() = / N, DOMT)g (%441 (T))VT
0

+ 1,, 2 Ck /"(‘0 NG, Mg, (%41 (D) VT
k=1 Ck k=1
and
Xp (O =x0), t€0,aly, 1 £ <n
That is

o(a) o(a) o(a)
x,(® =/ N, t)MT))g; [/ N(Tl,‘cz)}»(rz)gz[/ N(Ty, T3)
0 0 0

o(a)
X 8n-1 [A N(Tn—l’Tn)x(’rn)gn(xl(rn))A’cn:l o ATS:l ATZ] AT]

o(a) o(a)
PE———— ch/ NG, TDMT))8) [/ R(Ty, T)MT,) -+
0 0

k=1 Ck k=1

o(a)
X g, 1 [/ N('r”_l,T,Z)K(rn)gn(xl(rn))A'cn] s Ar3] Arz] Aty
0

Let X be the Banach space C,,((0,c(a)ly,R) with the norm ||x|| = (rglax |x(#)|. For
N € (0,0(a)/2)y, we define the cone P, CcXas °

P = {xeX: x@)isnonnegativeand min _ x(r) > ——||x()|| b,
n ren, o(a)—nly o(a)

For any x; € P, define an operator £’ : P, — X by

@ Springer



Infinitely many positive solutions for an iterative system...

o(a) o(a) o(a)
(Zx)(0) = / N, 1)MT))g) [/ N(TlaTz)MTz)gz[/ N(T,,T3)
0 0 0

o(a)
X En-1 [/ N(‘Cn—l’ﬂl:}l)}\'(‘tn)gn(xl(’Cn))A’l'-njl e AT3:| ATZ:| ATI
0

n=2 o(a) o(a)
s Y / N«;k,mx(mgl[ / R(T) T)MT) -
0 0

- k=1 Ck k=1

o(a)
X g1 [/ N(rn_l,rn)}\(rn)gn(xl('cn))Arn] cee A'r3] Afcz] AT,
0

Lemma 2.9 Assume that (H,)<(H,) hold. Then for each n € (0,0(a)/2)y, ,i”(Pn) CP, and
£ P, — P, are completely continuous.

Proof From Lemma 2.8, ¥(¢,7) > 0 for all ¢, € (0,0(a)]y. So, (Z%,)(#) > 0. Also, for
X € Pn’ we have

o(a) o(a)
[|-Z%,]| = max / N(t,t))MT))8,; [/ N(Ty, T))MT,) -+
0 0

te(0,0(a)lr

o(a)
X g, [/0 N(Tnl,'rn)k(rn)gn(xl('cn))A'cn] <. A'r3] A’L‘z] At

n-2 o(a) o(a)
1
t e Z ck/ NG 1)MTE, [/ N(Tp, TIMTy) -
L= )k k=t 0 0

o(a)
X gn—l [/ N(Tn—l ’ Tn)x(’rn)gn(xl (Tn))ATn:| e ATS] A’.|:2:| A"'-1
0
o(a) o(a)
< / N(T, T )MT))8; [/ N(T), TMTy) -
0 0

o(a)
X &n-1 |:/0‘ N(Tn—l’Tn)x(rn)gn(xl(rn))ATn:l e AT3] ATZ] A’Cl

1 n-2 o(a) o(a)
> ck/ R(t;, T)MT))g, [/ R(T), T)MTy) -+
1- k=1 Ck k=1 0 0

o(a)
X g, [/0 N(Tnl,'rn)k(rn)gn(xl('cn))A'cn] <. A'r3] ATZ] Az,

Again from Lemma 2.8, we get
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o(a) o(a)
min  {(Z%)0)} > pr )[/ N(rl,rl)ml)gl[/ R(T), T)MTy) -
0

t€[n.a-nly

o(a)
X 1 [/ N(rn_l,rn)x(rn)gn(xl(rn))Atn] ce AT3] AT2] At
0

1 o(a) o(a)
— ck/ N(Tl,rl)Mrl)gl[/ N(T, TOMTy) -

k=1 €k k=1
o(a)
X &1 [/ N(’cn_l,Tn)K(rn)gn(xl(rn))Arn] cee AT3] Arz] A’L’l].
0
It follows from the above two inequalities that

min  {(Z)®)} > %lliﬂxl Il

t€n.a-nly

So, %%, € P, and thus ,,2”(13“) C P,. Next, by standard methods and Arzela-Ascoli theorem,
it can be proved easily that the operator . is completely continuous. The proof is com-
plete. a

3 Infinitely many positive solutions

For the the existence of infinitely many positive solutions for iterative system of boundary
value problem (1)—(2). We apply following theorems.

Theorem 3.1 (Krasnoselskii’s [18]) Let B be a cone in a Banach space £ and Q;, Q, are
open sets with0 € Q;,Q; C Q,. Let K : Bn (QZ\Q ) = B be a completely continuous oper-
ator such that

@ NI <Ivll, ve BnoQ,,and||Kv|| > ||V, v€ BN dQ,, or
®) vl = Ivll, ve BnoQ,, and ||Cv|| < [[v]], v € BN Q.

Then K has a fixed point in BN (ﬁz\Q ).

Theorem 3. 2 (Holder s Inequality [3, 23]) Let f € L3,(I) with p > 1, g € L{(I) with
qg>1, and + - =1.Then fg € L1 ) andl[fg||L1 < |[f||Lp ||g||Lq where

[[anwrweR,

Wl <=
inf{K € R /1<K YV ~ae,onl}, p=co,

and I =la,bly. Moreover, if fELIV(I) and g€ Ly(I). Then fgele(I) and
el < W1 Ngls-

Consider the following three possible cases for A; € LZ" 0,0(a)ly
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Firstly, we seek infinitely many positive solutions for the case 2 1 <1

i=1 pi
Theorem 3.3 Suppose (H|)}(H,) hold, let {n,}% | be a sequence with t,,| <m, <t,. Let
{I',}2, and {A,}2, be such that

N, n, 1
o(a) ola) 2’

l—‘r+1 < —=
where
m o(a)-n, -1
m /
0 = max —_— S: N(r, T)A’C] )
{ [G(a) 11;1[ l m
m

n-2 -1
c o(a)—n,
%"_1 Hai/ R(t, T)V1 }
1= Y0 ¢ 0@ i,

Assume that g, satisfies

n,r
(J) g/(x) < 12 'Vt e (0,6(a)ly, 0 <x <T,, where

n-2

m -1 -1
N, < min l”N”L%HH%HL@] l kz—l i ||NIIU1HII7» ||Lp,] :
i=1 k=1 k

0A, n,
J) g, 2> TVf € [n,,0(a) —n,ly, @A, <x <A,

Then the iterative boundary value problem (1)—(2) has infinitely many solutions
(G, 2y such that xU(7) > 0 on (0,6(a)]y, £ = 1,2, - ~,nand r € N.
Proof Let

Q,={xeX:|xll<I,}, Q, ={xeX: |zl <A}
be open subsets of X. Let {n, }**, be given in the hypothesis and we note that

o(a)
f <ty <n, <t <=

for all » € N. For each r € N, we define the cone Pn, by

P ={XEXZXIZO, min > }
r @ reln,.o(@-n,Jy o(a)

Let x; €P, NdQ,,. Then, x,(7) <T, = |[x|| for all T € (0,6(a)ly. By (J;) and for
T,-1 € (0,0(a)ly, we have
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o(a) o(a)
/ N(Tn—l > Tn)}\(’rn)gn (Xl (Tn))VTn S / N(’I'-n’ Tn)}\'(’cn)gn(xl (Tn))v’cn
0 0

n,r /°<“> .
< —= N(t,,7,) | | Ai(t,) VT,
2 0 g
There exists a ¢ > 1 such that -+ Z =1.So,
q i=1 Di

o@ 9’zll—‘r
/ N(t,_1, TIMT,)E, (X (T,))AT, <
0

(B

D:

m

[T

i=1 L'V'
m

: ]3 %1l

IA
S] e
A
—

It follows in similar manner (for 7,_, € (0, 6(a)ly, ) that
o(a) o(a)
/ N(Tn—Z’ Tn—l)}\(rn—l)gn—l [/ N(Tn—l’ Tn)}\'(’cn)gn(xl(’rn))vrn] Vt —
0 0
o(a)
S / N(Tn—Z’ Tn—l)}L(Tn—l)gn—l(rr)v‘cn—l
0
o(a)
< / N(Tn—l s Tn—l)}\/(’rn—l )gn—l (rr)VTn—l
0
nr, [o@

m
< 12 - R(T,_1, T,y) H}\i(Tn—l)VTn—l

0

< TN H Pl < % <

Continuing with this bootstrapping argument, we get

o(a) o(a) o(a)
/ N(t, TMT))E, [/ N('cl,rz)k('rz)gz[/ N(T,, T3)
0 0 0

o(a) r
X €, [ / N(rn_l,rn)x(rn)gn(xl(rn))wn] . -V‘t3]VTz] V1, < ?
0

Also, we note that
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o(a) o(a)
T_Nm2 . ch/ R TDMT 8 [/ N(Ty, T)MTy) -+
0 0

1- klckk

o(a)
X g, [/ N('c,,_l,rn))»(‘cn)gn(xl(‘cn))V‘cn] s V‘cz] V1,
0

1 o(a)
<—— ch/ N(t,,7)MT))g, (T,)V7,
1- —1 Ck k=1 0
n-2 m
1 9IZIFF r
S RALIINTRY § (Y P
1- k=,2 ¢ k=l 2 v 11:1[ v
Thus, (Zx,)(1) < = + % =T.Since I, = ||x, || for x, € P, N0Q, . we get
1L 11 < Nlxq ]l )
Next, letz € [n,,6(a) —n,]t- Then,
. N,
A =] =% > min x( —_— A
=zl =2 %0 = e 1()_ || = 0@

By (J,) and for 7,_; € [n,,0(a) —n,];, we have
o(a)
[ R i) v,
0

o(a)-n,
> / R(r, .7, )M(T,)8, (x, (5,) V',
n,

n, 0A
= o) 2

o(a)—n,
! / N(t,,7,)M1,)) VT,
n,

n, OA, /G(a)—ﬂr i
> R(t,,7,) | | M(t)V7,
ola) 2 N, ,l:!
Tll o(a)-n,
z c(a) 3 / N TV
vy
-2

and
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o(a) o(a)
T_Nm2 . ch/ R TDMT 8 [/ N(Ty, T)MTy) -+
0 0

1- klckk

o(a)
X g, [/ N('c,,_l,rn))»(‘cn)gn(xl(‘cn))V‘cn] s V‘cz] V1,
0

o(a)

1
1 _ \yw— ZCk ;Ckc(a) N(TI’TI)}\(TI)gl(Fr)VTI
-2 o(a)-n,
1 RN
> —1 o ZCk pa Cp G(a) - H / N(t,,7)VT

Continuing with bootstrapping argument, we get (Z%)(*) > = + = = A,. Thus, if

x; € P, NOP,,, then
125 1l = M= ]l- (10)

It is evident that 0 € Q,, C Q2k C Q4. From (9),(10), it follows from Theorem 3.1
that the operator % has a fixed point x’ € P, n (Q;,\Qy,) such that x"(r) > 0 on
(0,aly, and r € N. Next setting x,,,; = x;, we obtam infinitely many positive solutions
{(x[I’], [2'], ...,x}e of (1)-(2) given iteratively by

o(a)
(1) = / N, DOMDg,(xpp (0)VT, t € 0,06@]y, £ =n,n—1,...,1.
0

The proof is completed. O

m
For Z l = 1, we have the following theorem.
i=1 Pi
Theorem 3.4 Suppose (H,)(H,) hold, let {n,} be a sequence with t, ., <m, <t,. Let
{T,}2, and {A,}2 | be such that

[, <—A, <A, <0A,<T, ,
() cla) 2

Assume that g, satisfies (J,) and

2)221—‘r
(J3) g < - Vit e€ (0,6(a)ly, 0 <x <T,, where

-1

m -1
. i
N, < min [HNHL? I1 ||x,.||L,3] , [ e 2" Nl H [
i=1 Zk 1 Sk

Then the iterative boundary value problem (1)—(2) has infinitely many solutions
{(x[l'], [r], .. x[r])}r such that X[r](l‘) > 0on(0,6(a)]y,Z =1,2,...,nandr € N.
Proof For a fixed r, let Qy, be as in the proof of Theorem 3.3 and let x; € P, NdQ,,.

Again
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% (0 T, = I,

for all T € (0, 6(a)]ly. By (J5) and for 7,_; € (0,0(a)ly, we have
o(a)

o(a)
/ N(Tn—l’ Tn)x(ﬂrn)gn(xl(rn))vrn S / N(Tn’ ‘Cn)}\(’rn)gn(xl(’rn))v’rn
0 0

N, [ 0@ "
‘2 r / X(r,.7,) [ [z Vr,
0 i=1

m

[T

i=1

NI,
]

IA

Pi
Ly

N Fr m Fr
SN H il < 5 <1

IA

v

It follows in similar manner (for t,_, € (0, 6(a)ly, ) that
o(a) o(a)
/ N(Tn—Z’ Tn—l)}\(rn—l )gn—l [ / N(‘tn—l ’ Tn)}\‘(‘cn)gn(xl (Tn))v‘cn:| th—l
0 0
o(a)
< / N(Tn—27 Tn-1 )}\(tn—l)gn—l (Fr)VTn—l
0

o(a)
S / N(Tn—] ’ Tn—l )}\(Tn—l )gn—l (Fr)v’rn—l
0

nr, row -
< ITA N(Tn—l”cn—])H}\i(’rn—l)v’rn—l

i=1

N
<

r - r
SN H ills < 5 <

Continuing with this bootstrapping argument, we get

o(a) o(a) o(a)
/ N, T)MT))8E; [/ N(‘cl,'rz)?»(rz)gz[/ N(Ty,T3) -+
0 0 0

o(a) T
X 8,1 [/ N(Tn_l,'rn)k('rn)gn(xl('rn))V'rn] e VT3] VTZ] Vt, < ?’
0

Also, we note that
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n—2 o(a) o(a)
—"— Ck/ R TPMT)8) [/ N(Ty, T)MTy) -+
0

1- Ck k=1

o(a)
X g, [/ N('c,,_],Tn))»(rn)gn(xl(‘c,,))V'cn] s Vrz] %
0

1 o(a)
D — ch/ Ny, TPMTEg ) VT
0

1 = et Cx h=
1 S T, - r,
1 z C" ”N”L? H ||7‘i||L"Vf < 2
Y= i=1
Thus, (ﬁ( (D) < % % = Fr. Since Fr = ”X] ”fOI' X, € Pn, N an,w we get
51 < ) a

Now define Q,, = {x; €X : [|x(]| < A,}.Letx; € P, n0Q,, and let T € [n,, 6(a) — n,Iy.
Then, the argument leading to (11) can be done to the present case. Hence, the theorem.
O

m
Lastly, the case 2 1 > 1.

=1 Pi
Theorem 3.5 Suppose (H)}(H,) hold, let {n,}% | be a sequence with t,,| <m, <t,. Let
(I}, and {A,}72 be such that

N1
., < A<A <OA, <T, s
r+ () o(a) 2

Assume that g, satisfies (J,) and

0 <x <T,, where
m -1 n-2
. Ci
%<mn“wwﬂmmﬂ,[ - nwmﬂmm
i=1 -2 1 Ck
Then the iterative boundary value problem (1)—(2) has infinitely many solutions

{(x[’] [’], ...,x}e such that x[;](t) >0on(0,6(a)ly, 2 =1,2,...,nand r €N,
Proof The proof is similar to the proof of Theorem 3.1. So, we omit the details here. O

4 Example
In this section, we provide two examples to check validity of our main results.

Example 4.1 Consider the following boundary value problem on T = [0, 1].
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X (1) + Mg, (2,1, (1) = 0,1 € (0,6(D]y, £ =1,2,3,4, 12
x5(1) = x,(0),1 € (0,6(D)]y,
1 /1y, 1_ /1
%0 =0, w0 =x(5) + 3%(5) a3
where we take n=4,m=2, ¢, =3, ¢, =3, §; = 1, § = 7 and A1) = 4 (DM, in
which *
MO = —— and () = ——
lr =217 lr=317

Then Y/: ¢, = 2 < landd; =8, = (4/3)/*. For# = 1,2,3,4,let

0.05x 107, x € (107*, +0),

62x10~4+3-0,05x10~4" 4 —8r
W(X— 107*) 4+ 0.05 x 10~°",

x € 10—(4r+3)’ 10—4r] ,

g (x) =14 62x 1074+ x % x 10~@r+3) 10—(4r+3)>’

62x10~4+3_0.05x1078" —(dr+4 —8
m(x—lo @ ))+005X10 r’

x e [ 10-¢r+d 1 % 10—(4r+3)]
9 5 9

0, x=0,

L

for all r € N. Let

r

31 1 1
= __Z— and nr: E(tr+tr+1)’ I’EN,

t =
" 64 = Ak + )4
then
_Is_ 1 s
M=3 " a8~ n
and
1
Ly <M. <1,7M,> Z.
5
Therefore,
n _n _ 1
—_—=—=> -, N.
1 > 3 re
It is clear that
15 1 1 N

== <=t =l = ———,
1T sy T Ty "
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Since Z %4 = —and Z ]12 = —, it follows that
j=1 =1
had 4
. P
t* = lim ¢ :———:0.46.
r— " ; A+1)F 64 360

Also, we have

o(@)-n, -S4
/ N(t,7)AT = / (1 —71)dt =0.03.

M 28

Thus, we get

1 1
0 = max { 0.0163° 5% 0.0163 } 6135

Next, let 0 < a < 1be fixed. Then A, A, € L'+0,1]. A simple calculations shows that

o(1)
/ M(OMOdt = 1 — In(7 — 4V/3).
0

So, let p; = 1fori = 1,2. Then
[T 1%l = 71— 07 - 4v/3) » 5.78,
i=1 v

and also ||R]| L= 1. Therefore,

m -1
< luNannx,.nL@,.] ~ 0.173.
i=1

Taking N, = 1—10 In addition if we take
[, =107, A, =107+,
then

1

: s 10-@r+3) o T]r

l—*r+1 — 10—(4r+4) < =
<A, =104 <T = 10-‘”,

0A, = 6135 107W* < = x 107" =M, r€N and g, (¢ =1,2,3,4) satisfies the
following growth condltlons

g,(x) <N T, = % X107, x e [0, 10—4’],

g,(x) 20A, =6135x 1074+ x € L 107 10|
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for r € N. Then all the conditions of Theorem 3.3 are satisfied. Therefore, by Theo-
rem 3.3, the iterative boundary value problem (1) has infinitely many solutions

(= < =)y such that xU(#) > 0on [0, 1], # =1,2,3,4and r € N.

Example 4.2 Tet T ={0}U[l/2,1]U {% ke N}. Consider the boundary value
problem

V() + M0)g, (xp (0) = 0, 1 € (0,6(D]y, £ = 1,2, 3,} i

%) =x,), t € (0,6(D)]y,

%,(0) =0, x,(1) = %xfe), (15)

where we take n'=3,m = 2,¢; = £,§; = ;and Mt) = &, ()A,(¢) in which
1 1

MOl =——— and M0l =—7F—.
S =2 RNEE

Then Y/: ¢, = 3 <landd, =8, =(4/3)/*. For# = 1,2,3,let
(%107, x € (107, +00),

62x10~6r9— L 10=Gr+D
5 —(8r+1 1 —(8r+1
10-Gr+3)_10-®r+D) (x = 107Dy + Re 1076+,

x e 10—(8r-+—3)7 10—(8r+l)] ,

g, =4 62x 10767+ x e ( L x 106+, 10—<8"+3>>,

621073 — 1=+

% x10—(8r+3) —10~@r+4)

x e <10—(8r+4) 1 X 10—(8r+3)]
9 5 9

(X _ 10—(8r+4)) + 1 X 10—(8r+4)
5 s

L0, x =0,
forallr € N.

Let¢t,,n, be the same as in el)scamlile 4.1. Thenn, = 5 - $ < g,tﬂrl <N, <t,m > %
and = ) < 3 tr_t£+l = m, reN. Also,
* =i =3 _yoo 1 _ 4T _
ro=lim,_ ot =2 - X7, eyl 0.46. Also, we have

o(a)—n; 1—5+$
/ N(t,7)AT = / (1 —71)dt = 0.03.
15 1

M 327 68

Thus, we get

0 = max ! s 1 =61.79.
0.0161845 4 x0.0161845

By Lemma 2.4, we obtain
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/ " O(0d = / oo + 2 [ozr) -3t (3 ) (50)

2

~ 2.311909422
So, let p; = 1fori = 1,2. Then

H %]z 7~ 2.311909422,

i=1
and also ||R]| Ly = 1. Therefore,

. -1
%, < |[INIL ] Il | = 04325428974,
i=1

Taking M| = % In addition, if we take
[ =10"% and A, = 107®+3,
then

T, =106 < Lyqome Moy oA — 10769 <1 = 107
r 5 a r r r ’
0A, = 61.79 x 107+ < % X107 =M, reN
and g, (¢ = 1,2, 3) satisfies the following growth conditions:

)

g,(x) <N T, = % X107, x e [o, 107%

g,(x) >0A, =61.79x 107+ x % x 107@+3 10=@+) [

for r € N. Then all the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3,
the iterative boundary value problem (1) has infinitely many solutions {(xll”, x'z",xgr])}jil
such that /(1) > Oon [0, 1], # =1,2,3and r € N.
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ABSTRACT

In this paper, we consider an iterative system of singular two-
point boundary value problems on time scales. By applying
Holder’s inequality and Krasnoselskii’s cone fixed point the-
orem in a Banach space, we derive sufficient conditions for
the existence of infinitely many positive solutions. Finally,
we provide an example to check the validity of our obtained

results.

RESUMEN

En este articulo, consideramos un sistema iterativo de pro-
blemas de valor en la frontera singulares de dos puntos en
escalas de tiempo. Aplicando la desigualdad de Hélder y
el teorema de punto fijo cénico de Krasnoselskii en un es-
pacio de Banach, derivamos condiciones suficientes para la
existencia de una cantidad infinita de soluciones positivas.
Finalmente, entregamos un ejemplo para verificar la validez

de nuestros resultados.
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1 Introduction

The theory of time scales was created to unify continuous and discrete analysis. Difference and
differential equations can be studied simultaneously by studying dynamic equations on time scales.
A time scale is any closed and nonempty subset of the real numbers. So, by this theory, we can
extend known results from continuous and discrete analysis to a more general setting. As a
matter of fact, this theory allows us to consider time scales which possess hybrid behaviours (both
continuous and discrete). These types of time scales play an important role for applications, since
most of the phenomena in the environment are neither only discrete nor only continuous, but
they possess both behaviours. Moreover, basic results on this issue have been well documented
in the articles [1,2] and the monographs of Bohner and Peterson [6,7]. There is a great deal of
research activity devoted to existence of solutions to the dynamic equations on time scales, see for

example [8,9,13,16-19] and references therein.

In [14], Liang and Zhang studied countably many positive solutions for nonlinear singular m—point

boundary value problems on time scales,

(A1) +a®)f(v(t) =0, t € [0, %],
m—2
v(0) = Z a;v(&), VA (%) =0,

i=1

by using the fixed-point index theory and a new fixed-point theorem in cones.

In [12], Khuddush, Prasad and Vidyasagar considered second order n-point boundary value problem

on time scales,
VAV(1) + ANt)ge (vig1(t) =0, 1 <i <n, t € (0,0(a)]r,

VUn41 (t) = Ul(t)7 te (07 U(a)]'ﬂ‘,

and established existence of positive solutions by applying Krasnoselskii’s fixed point theorem.

Inspired by the aforementioned works, in this paper by applying Holder’s inequality and Kras-
noselskii’s cone fixed point theorem in a Banach space, we establish the existence of infinitely
many positive solutions for the iterative system of two-point boundary value problems with n—
singularities on time scales,
VIR (t) + At)ge(ves1(t) =0, 1< <m, te(0,F)r,
Um+1(t) = Ul(t), te (O,{S)'[r,

v(0) = v (0), 1< L <m,
V(%) = —v2(%), 1<l <m,
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where m € N, A(t) = Hle Ai(t) and each A;(t) € LY ([0, %]r) (p; > 1) has n-singularities in the
interval (0, %)y .

We assume the following conditions are true throughout the paper:
(H1) ge:[0,+00) — [0,400) is continuous.

(Hs) tlin? Ai(t) = 0o, where 0 < t, <tp_1 <---<t1 <%.
—ti

2 Preliminaries
In this section, we introduce some basic definitions and lemmas which are useful for our later
discussions.

Definition 2.1 ([6]). A time scale T is a nonempty closed subset of the real numbers R. T has
the topology that it inherits from the real numbers with the standard topology. It follows that the
Jump operators o,p : T — T, and the graininess p: T — [0,400) are defined by

o(t) =inf{t e T: 1> t},

p(t) =sup{t e T: 1<t}

and
u(t) = ot) —t,

respectively.

e The point t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t,
o(t) =t, o(t) > t, respectively.

o If T has a right-scattered minimum m, then T, = T\{m}; otherwise T, = T.
o If T has a left-scattered mazimum m, then T% = T\{m}; otherwise T* = T.

o A function f: T — R is called rd-continuous provided it is continuous at right-dense points in T
and its left-sided limits exist (finite) at left-dense points in T. The set of all rd-continuous functions
f:T = R is denoted by Crq = Crq(T) = Cra(T,R).

o A function f : T — R is called ld-continuous provided it is continuous at left-dense points in
T and its right-sided limits exist (finite) at right-dense points in T. The set of all ld-continuous
functions f: T — R is denoted by Cjq = C14(T) = C1q(T,R).

e By an interval time scale, we mean the intersection of a real interval with a given time scale, i.e.,

[a,b]T = [a,b] N'T. Other intervals can be defined similarly.
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Definition 2.2 ([5,11]). Let pa and pv be the Lebesgue A—measure and the Lebesgue V—measure
on T, respectively. If A C T satisfies ua(A) = pv(A), then we call A measurable on T, denoted
w(A) and this value is called the Lebesgue measure of A. Let P denote a proposition with respect
tot €T.

(i) If there exists I'y C A with pa(T'1) = 0 such that P holds on A\I'1, then P is said to hold
A-a.e. on A.

(i1) If there exists Ty C A with py(T'2) = 0 such that P holds on A\TI's, then P is said to hold
V-a.e. on A.

Definition 2.3 ([4,5]). Let E C T be a A—measurable set and p € R = R U {—o00,+00} be such
that p > 1 and let f : E — R be a A—measurable function. We say that f belongs to LY (E)
provided that either

/|f|p(s)As<oo if pel,+o0),
E

or there exists a constant M € R such that
[fI<M, A—ae onE if p=+oo.

Lemma 2.4 ([20]). Let E C T be a A—measurable set. If f: T — R is A—integrable on E, then
| 1eas = [ s+ 3 (ot =) 1)+ (4. D)
i€l

where
m(E)f(M), if W eT,
r(f, E) =
0, ifN¢T,

Ig:={iel:t;€ E} and {t;}icr, I CN, is the set of all right-scattered points of T.

Lemma 2.5. For any y(t) € Crq([0, Z]1), the boundary value problem,

VA +y(t) =0, t € (0,%)r, (2.1)
v1(0) = v(0), V() = ~VT(T), (2.2)
has a unique solution
T
o(t) = / R(t, T)y(T) AT, (2.3)
0
where
1 F—t+1)(o(r)+1), if o(r) <t,
R(t,T) = 3 (2.4)

F—-o(m+Dt+1), if t<T
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Proof. Suppose v is a solution of (2.1), then

t T

Ul(t) = —/ / y(Tl)ATlAT+A1t+A2
0o Jo
t
- —/ (t — o(0)y (VAT + Ayt + Ay,

0

where A; = v(0) and Ay = v1(0). By the conditions (2.2), we get

T
A=Ay = 24_%/0 (T—o(1)+ 1)y(1)AT.

So, we have

t T
() :/0 (t — o(1))y(t) AT + “% (5o + D1+ O30
:/T N(t, T)y(T)AT.
0
This completes the proof. [l

e+1

Lemma 2.6. Suppose (H,)-(Hz) hold. For e € (0,5 )r, let G(e) = T 1

the following properties:

< 1. Then N(t,T) has

(i) 0 < N(t,T) < N(7,7T) for all t,T € [0,1]r,

(it) G(e)X(t,T) < N(t,7) for allt € [¢,T —€]r and T € [0, 1].

Proof. (i) is evident. To prove (ii), let t € [¢,% — €] and ¢ < T. Then

N(t,T) t+1 S e+1

N(t,1) Tt+1 - T+1 g(e)-
For t <,
N(t, T T—t+1 e+1
(L) _ NS RN
R(1,1) T—-14+1 7 TH1
This completes the proof. [l
Notice that an m—tuple (v1(t),v2(t),v3(t),...,Vm(t)) is a solution of the iterative boundary value

problem (1.1)—(1.2) if and only if

vel(®) :/0 R(t, DA(D)ge(Vess (1) AT, £ € (0,%)r, 1< 0<m,

Umt1(t) =v1(t), t € (0,%)r,

i.e.,

v1(t) 2/01 N(t,T1)A(T1)g1 (/01 N(Tl,’fg))\(’fg)gz(/ol N(To,T3) - - -
X 8m-1 (/01 N(Tm—hTm)}\(Tm)gm(vl(Tm))ATm) "'AT3>AT2>AT1.
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Let B be the Banach space Crq((0, T)7, R) with the norm [jv]| = 1{1&){) [u(t)]. For e € (0, %)T, we
+€(0,%)r
define the cone K. C B as

Ke = {v € B:v(t) is nonnegative and  min  v(t) > g(a)|v(t)||} .
t€le, T—elr

For any v, € K., define an operator €2 : K. — B by

(Qui1)(?) _/01 N(t,Tl)A(Tl)g1</OlN(Tl,Tg)A(TQ)g2</OIN(T%Tg)...
X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm> ~-~AT3>AT2>AT1.

Lemma 2.7. Assume that (H)-(Hz) hold. Then for each e € (0,%),., QK.) C K. and Q : K. —

‘]1‘ )
K. are completely continuous.

Proof. From Lemma 2.6, X(¢,7) > 0 for all ¢,t € (0,%)r. So, (Qv1)(t) > 0. Also, for v; € K., we

have
Q01 = InaXT/OlN(t,Tl)A(Tl)g1</01N(Tl,Tg)A(TQ)g2</OlN(TQ’TB,)...

te(0,%)

X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) ~-~AT3>AT2>AT1

/01 N(TlaTl)A(Tl)&(/Ol N(Tl,m)?\(Tg)gg(/ol N(T2, T3) - -

X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) ~-~AT3>AT2>AT1.

Again from Lemma 2.6, we get

IN

min {(@0)(0)} zg(g)/olN(Tl,rl)ml)gl(/01N(TI,TQ)A(Tg)gQ(/OIN(Tg,rg)---

tefe,T—¢]
1
X gm1</ N(Tm1,Tm)7\(Tm)gm(v1(Tm))ATm> ---ATg) ATQ) AT;.
0

It follows from the above two inequalities that

min  {(Qu1)(t)} > G(e)[|Qu1]|.

tele,T—elr
So, Qu; € K. and thus Q(K.) C K.. Next, by standard methods and the Arzela-Ascoli theorem, it

can be proved easily that the operator 2 is completely continuous. The proof is complete. O

3 Infinitely many positive solutions

For the existence of infinitely many positive solutions for iterative system of boundary value prob-

lem (1.1)—(1.2), we apply following theorems.

Theorem 3.1 ([10]). Let £ be a cone in a Banach space X and let My, Mo be open sets with
0EM, M CMy. Let A: EN (Mg\Ml) — & be a completely continuous operator such that
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(a) |Av|| < Jjv]|, v € ENOMy, and || Av|| > ||v||, v € EN My, or

(b) || Av]| > |lvl, v € ENMy, and || Av|| < ||v]], v € €N OMa.

Then A has a fized point in € N (Mz\M1).

Theorem 3.2 ([7,15]). Let f € L (J) withp > 1, g € LY(J) with ¢ > 1, and 5 + ¢ = 1. Then
fg € Ly(J) and || fgliry < |Ifllzzllgllry, where

[[1sr6a)” peR,
inf{MGR/|f|§MA—a.e. onJ}, p = 00,

£l :

and J = [a, b)T.

Theorem 3.3 (Holder’s inequality [3,4,15]). Let f € LX(J) with p; > 1, fori=1,2,...,n and

> % = 1. Then Hle gi € LL(J) and HHle gi|| < Hle lgillp;- Further, if f € LY\(J) and
' 1

9 € LR(J), then fg € Lx(J) and |[fgly < [[fl1]glloc-

We need the following condition in the sequel:
(H3) There exists &; > 0 such that A;(t) > 6; (¢ =1,2,...,n) for t € [0, F]r.

Consider the following three possible cases for A; € L (0, %)y :
-1 -1 - 1

— <1, — =1, —>1.
; pi ; pi ; bi

n
1
Firstly, we seek infinitely many positive solutions for the case Z — < 1.

— Pi

i=1
Theorem 3.4. Suppose (Hy)—(Hg) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0 <t* <tp. Let {T'v}22, and {A,}32, be such that

Iy < Glep)Ar <A <OA, <Ty, r €N,

where
k T—El
0= max{ [Q(al) H 51-/ N(T,T)AT

Assume that g satisfies

(C1) ge(v) <M, Ve (0,%)r, 0<v<T,, where

. —1
|N||LQAH|)\1’|LPA;| ;
i=1

(C2) ge(v) > 0A, Ve[, T—crr, Gler)Ar <V <A,

N <
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Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
72"

(ol ol ee | such that v (t) > 0 on (0,%)r, £=1,2,...,m and r € N.

Proof. Let

M,={veB:|v]| <}, Mo, ={veEB:|v| <A}

be open subsets of B. Let {,}22, be given in the hypothesis and we note that

<
t*<tT+1<sT<tr<§,

for all » € N. For each r» € N, we define the cone K., by

K%:{UGBAW)ZQ“*QgEHMQEQ@HW@W}

Let v1 € Ko, NOM; ;. Then, vy(t) < T, = |[vq| for all T € (0,%)r. By (C1) and for 7,1 €
(0,%)T, we have

T T
/ON(Tm_l,Tm)A(Tm)gm(Ul(Tm))ATmg/o R( Ty, Trn )M (T ) & (V1 (T ) ) AT,

T k
g%n/amﬂMHM%mm.
0

=1

I 1
There exists a ¢ > 1 such that — + E — =1. So,
— DPi
i=1

k
[

<
| s A gm0t A < T N
0 =1

pq
LA

k
< ST gy T[Nl < T
i=1
It follows in similar manner (for t,,_2 € (0, %)), that

T T
/0 N(Tmz,Tml)A(Tmngml( / N(m1,Tm)A<Tm)gm<v1<Tm>>mm)mm1
T
S/ N(Tm—%Tm—l))\(Tm—l)gm—l(FT)ATm—l
0

T
< / N(Tm—laTm—l))\(Tm—l)gm—l(FT)ATm—l
0

< k
< mlrr/ N(Tm*hTm*l)H}\i(Tm—l)ATm,1
0 =1
k
<ML R] g [T Il < T

=1
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Continuing with this bootstrapping argument, we get

(Qui1)(?) _/OT N(t,n);\(n)g1</OTN(Tl,TQ)A(TQ)g2</OTN(TQ,Tg)...
X gm1</0‘3 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) . ~AT3>AT2>AT1

<T,.
Since I, = ||v1]| for v1 € K., N OMy -, we get
[Qui]l < [lual]- (3.1)
Let t € [e,, T — &;]1. Then,

A=l 20> min | vi(6)> G vl > Gle)A-

By (C2) and for T,,,—1 € [, % — &,]1, we have

T T—ep
/0 N(Tm,l,Tm)A(Tm)gm(vl(Tm))ATm2/ R(Trn—1, T )A (T )8 (V1 (Tin) ) AT,

r

T—e,
> g(ar)eAT/ R( Ty, Tr )A (T ) AT,
TT—ET k
> g(gT)eAr/ R (T, Tm) [T M () AT
Er i=1

k 5—81
> g(EI)GArnéz/ N(TmaTm)ATm
i=1 €1

> A,

Continuing with the bootstrapping argument, we get

(Qu1)(t) :/j N(f,rl)x(rl)gl(/;N(Tl,mx(@)gg(/;N(Tz,m)...
X gm—1</0T N(Tm—hTm)}\(Tm)gm(Ul(Tm))ATm) ---AT3)AT2)AT1

>A,.

Thus, if v € K., N Ky, then
[Quil = [Jva]]- (32)

It is evident that 0 € My, C Mo C My . From (3.1)—(3.2), it follows from Theorem 3.1 that the
operator §) has a fixed point v[lr] € K., N (My,-\Mz,,) such that v[lr] (t) >0on (0,%)r, and r € N.
Next setting v, 11 = V1, we obtain infinitely many positive solutions {(U[lrl,v[;], . ,vm)}f‘;l of

(1.1)—(1.2) given iteratively by

T
ve(t) = /0 R(t, DOANT)ge(Ve41(T))AT, t € (0, %), L=m,m—1,...,1.

The proof is completed. O
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n

1
For E — =1, we have the following theorem.
— Pi
i=1

Theorem 3.5. Suppose (Hy)—(Hs) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0 <t* <tyn. Let {T}2, and {A,}22, be such that

Iy < Glep)Ar <A <OA,. <Ty, r €N,

where

0= max{ lg(al) H

Assume that g satisfies (Ca) and

(C3) gj(v) <N, ViEe (0,%)r, 0<v <T,, where

k —1
Oy < min l|N||Lg°H||7\i|LPAi] .0
=1

Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
72"

{(v[lr],v[;], .. ,v%])}jfozl such that ULT](t) >0o0n (0,7, £=1,2,...,m and r € N.

Proof. For a fixed r, let My ,. be as in the proof of Theorem 3.4 and let v, € K., N OMa .. Again
vi(t) < T = ol

for all T € (0,%)r. By (C3) and for ty—1 € (0,%)r, we have

T T
/ON(Tm_l,Tm)A(Tm)gm(vl(Tm))ATmg/o R( Ty, Trn )M T ) 8 (V1 (T ) ) AT,

T k

gmlrr/ (T, ) [ [ Ai(Tm) AT,
0 i=1

k

IR

=1

<on ]

Pi
LA

k
<D 8]z [ Il < T
=1
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It follows in similar manner (for T,,_o € [0, 1]1), that

T <
/0 N(Tmz,rml)x(mngml( / N(m1,Tm)A<Tm)gm<v1<Tm>>mm)mm1
T
S/ N(Tm—%Tm—l))\(Tm—l)gm—l(FT)ATm—l
0

T
< / N(Tm—laTm—l))\(Tm—l)gm—l(FT)ATm—l
0
T k
S mlrr/ N(Tmflvafl) H}\i(Tmfl)ATmfl
0 i=1
k
<D Nzx [T Il <D
=1

Continuing with this bootstrapping argument, we get

(Q1)(t) :/OT N(t,T1)A(T1)g1 (/OTN(Tl,Tg))\(Tg)gg(/OTN(T%H) .
X gm1</0T N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) . ~AT3>AT2>AT1

<T,.
Since I, = ||v1]| for v1 € K., N OMy -, we get
[Qui]l < [Jua]]- (3.3)

Now define My, = {v1 € B: ||u1]| < A,}. Let vy € K., N OMa, and let T € [e,, T — &,]7. Then, the

argument leading to (3.2) can be done to the present case. Hence, the theorem. [l

1
Lastly, the case — > 1.
Theorem 3.6. Suppose (Hy)—(Hs) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0 <t* <tp. Let {T'v}22, and {A,}32, be such that
[ry1 <Gle)Ar <A <OA, <Tp, r €N,

where
T*El
0= Inax{ lg(el) 1T 51-/ N(T, T)AT

Assume that g satisfies (Ca) and

-1
(C4) g5(v) <M,V t € (0,T)p, 0 < v < Ty, where Ny < min { (1IN 2z T Il | ,e} .

Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
{(U[lr]vv[;]a e ,Um) o | such that Uy] (t) >0 on (0,9, £=1,2,.

r=1

..,m andr € N.

Proof. The proof is similar to the proof of Theorem 3.4. So, we omit the details here. O
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4 Example

In this section, we present an example to check validity of our main results.

Example 4.1. Consider the following boundary value problem on T = R.

vy (t) + A(t)ge(vega(t) =0, £=1,2,

(4.1)
v3(t) =v1(t),
v(0) = vy(0),
(0) =vy(0) -
(1) = v},
where
A(t) = M (1)A2(t)
in which
1 1
M(t) = — and  A(t) = —
|t - Z|2 |t — Z' p)
1 x 1074, b € (104, +00),
25><10 (4r+3) _ _><10 ar 4
10-(rF3) —10—4r ( — 10 T)—|—
% x 10~ 87", v E [10—(4r+3) 10_4r] ’
B(v) =ga) =4 2 x 10_(4T+3) V€ ( x 10~ (@r+3) 10—(4r+3))
25x 10~ (4r+3) — :><10 8r (4r14)
7><10 (4r+3) _10— (47‘+4)( - 10 r )—|—
; ) (4r+4) L —(4r+3
5><107“ (10 r 75><10(r )}
0 v=0.
Let )
31 1 1
— — _— r= 5 (lr +try1), =1,2,3,...,
4 ;4(k+1)4’ er = gtr +trg1), 7
then
Lo 1 15
17327 648 T 32
and
1
tr+1 < Er < t’ra Er > g
Therefore,
Er + 1 Er + 1 1
o - ) =1,2,3,...
It is clear that
15 1 1
th=—<-=, t.—t =1,2,3,...
Rty T

1 ™
S. _— = —
ince 321 o 90

7.‘.4

360

47

— — = (0.4637941914
64 ’

z:47°—i-1
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A1, Ag € LP[0,1] forall 0<p<2, and & = &y = (4/3)"/%,

G(e1) = 0.7336033951.

T—eq I—Eﬂ-i 2 _ 1
/ N(T, T)AT = / o Wdr — 0.04918197801.
e 15

15 1
1 327 648

Thus, we get
-1

y

0= max{ [g(gl) f[l 5; /:51 R(t,7)VT

1
=maxq ————— 1
{0.04166167167 }

= 24.00287746.

Next, let 0 < a < 1 be fixed. Then A1,Ay € L179[0,1] and an > 1 for 0 < a < 1. It follows that
k
[T Al = 7 —In(7 - 4v3),
i=1
and also |[R]ls = 2. So, for 0 < a < 1, we have
i -1
N < [|N||Oo 1T |Ai|LpAi] ~ 0.2597173925.
i=1

Taking 91 = %. In addition if we take
I, =107%, A, =104+,

then
1
[pyp = 1070+ < = % 1076 +3) < Ge,)A, < A, = 10733 <1, =107,

OA, = 24.00287746 x 10~ ¢4+ < L1074 =9I, r = 1,2,3,. .., and g1, g» satisfy the following

growth conditions:
1
gi(v) = go(v) <M, = 1% 107%, velo,107*],
1
g1(V) = ga(V) >0A, = 24.00287746 x 10~ W3y e = % 10~ Wr+3) 10 Wr+3) |

Then all the conditions of Theorem 3.4 are satisfied. Therefore, by Theorem 3.4, the iterative
boundary value problem (1.1) has infinitely many solutions {(v[lr],v[;]) ©° , such that vy] (t) >0

on [0,1], £=1,2 and r € N.
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ALMOST PERIODIC POSITIVE SOLUTIONS FOR A DELAYED
NONLINEAR DENSITY DEPENDENT MORTALITY NICHOLSON’S
BLOWFLIES MODEL ON TIME SCALES
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ABSTRACT. In this paper we discuss a nonlinear density dependent mortality Nicholson’s
blowflies equation with multiple pairs of time varying delays. By contraction mapping
theorem, we derived the necessary conditions for the existence of almost periodic posi-
tive solutions and by selecting suitable Lyapunov functionnal we study global asymptotic
stability of the addressed model. Finally, some numerical simulations are listed to show
the validity of our methods.

Keywords: Time scale, Nicholson’s blowflies model; almost periodic positive solution,
global asymptotic stability.
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1. INTRODUCTION
The delay differential equation
V' (t) = ad(t) + BI(t —T)e D e R

describes a population of the Australian sheep blowfly proposed by Gurney [10] in 1980
and is agreed with the experimental data obtained by Nicholson [18] in 1954. Since this
equation explains Nicholson blowfly more accurately, the model and it’s modifications
have been now refereed to as the Nicholson’s blowflies model. The theory of Nicholson’s
blowflies model has made remarkable progress (see[6, 12, 17, 21] and references therein).
Recently, Qian and Wang [22], studied a nonlinear density dependent mortality Nicholson’s
blowflies equation with multiple pairs of time-varying delays

9'(t) = a(t) + b(t)e "D + > "B, (#)I(t — hy(t)e VI IVG0) ¢t e R, (1)
j=1
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and by utilising differential inequality techniques and the fluctuation lemma, a delay-
independent criterion was determined to ensure the global asymptotic stability of the
model.

Many authors [1, 9] believe that the discrete time model governed by difference equations
are more appropriate than the continuous ones when the populations have non-overlapping
generations. Discrete time models can also provide efficient computational models of
continuous models for numerical simulations. Recently, Zhu [25] considered the following
discrete delayed Ricker model with survival rate,

It +1) = y(0)9(e) + o)) VL5 ¢ ez, 2)

and established global attractivity, extreme stability, and the periodicity of the solution
of the model.

The differential, difference and dynamic equations on time scales are three theories
which play important role for modeling in the environment. Among them, the theory
of dynamic equations on time scales is the most recent and was introduced by Stefan
Hilger in his PhD thesis in 1988 with three main features: unification, extension and
discretization. Since a time scale is any closed and nonempty subset of the real numbers
set, so we can extend known results from continuous and discrete analysis to a more
general setting. As a matter of fact, this theory allows us to consider time scales which
possess hybrid behaviours (both continuous and discrete). These types of time scales
play an important role for applications, since most of the phenomena in the environment
are neither only discrete nor only continuous, but they possess both behaviors [4, 5, 23].
Moreover, basic results on this issue have been well documented in the articles [2, 3]
and monographs of Bohner and Peterson [7, 8]. In the real world phenomena, since the
almost periodic variation of the environment plays a crucial role in many biological and
ecological dynamical systems and is more frequent and general than the periodic variation
of the environment. In this paper we systematically unify the existence of almost periodic
solutions for nonlinear density dependent mortality Nicholson’s blowflies equation with
multiple pairs of time varying delays modelled by ordinary differential equations and their
discrete analogues in the form of difference equations and to extend these results to more
general time scales. The concept of almost periodic time scales was proposed by Li and
Wang [13]. Based on this concept, some works have been done (see [14, 15, 16, 19, 20]).

Motivated by aforementioned works, in this paper we study almost periodic positive
solutions of a nonlinear density dependent mortality Nicholson’s blowflies equation with
multiple pairs of time-varying delays,

I3 (1) = —a(®)d(t) + b(t)e " + zn: Be(t)9(t — hy(t))e Y00, 3)
(=1

where t € T (T is an arbitrary almost periodic time scale), a(t)¥(t) — b(t)e~?®) represents
the death rate of the population, Bg(t)0(t — he(t)) e Ye®P(t=9:(1) describes the time de-
pendent birth function which involves maturation delay h,(t) and incubation delay g,(t)

and gains the reproduces at its maximum rate \#(t)’ all parameter functions of (3) are

nonnegative, bounded positive almost periodic functions, and ¢ € J := {1,2,...,n}. When
T = Z*, the model (3) is similar to the model (2).
For any bounded function f(t), we denote f* = sup f(¢), f~ = 2an'rf(t).
teT €

We assume the following conditions are true throughout the paper:



878 TWMS J. APP. AND ENG. MATH. V.12, N.3, 2022

(H1) We assume that the bounded almost periodic functions a(t), b(t), Be(t), ge(t), he(t)
satisfy 0 < a= < a(t) < a®, 0 < b” < b(t) < b, 0 < B, < Be(t) < B,
0<g, <glt) <gf,0<hy <hy(t)<hf forl=1,2,3,--n.

(H2) The initial functions associated with equation (3) is given by

U(t; ) = p(t) for t € [—0", 0], 0* = max {maxgzr, max hj}
Ley Ley

where () denotes a real-valued bounded and continuous functions defined on
[_Q*v O]T
Due to biological reasons of the model (3), positive solutions are only meaningful. So, we
restrict our attention to positive solutions of equation (3).

2. PRELIMINARIES

In this section, we introduce some definitions and state some preliminary results which
are useful in the sequel.

Definition 2.1. [7] A time scale T is a nonempty closed subset of the real numbers R.
T has the topology that it inherits from the real numbers with the standard topology. It
follows that the jump operators o,p : T — T, and the graininess p : T — [0,00) are defined
byo(t)=inf{r € T:7>t}, p(t) =sup{r € T: 7 <t} and u(t) = p(t) — t, respectively.

o In this definition we put inf ) = sup T and sup () = inf T.

e The point t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) =t, p(t) <
t, o(t) =t, o(t) > t, respectively.

e A function f : T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of all
rd-continuous functions f : T — R is denoted by Crq = Crq(T) = Crq(T,R).

e A function f : T — R is called ld-continuous provided it is continuous at left-dense
points in T and its right-sided limits exist (finite) at right-dense points in T. The set of
all ld-continuous functions f : T — R is denoted by Ciq = Ciq(T) = Ciq(T, R).

e By an interval time scale, we mean the intersection of a real interval with a given time
scale. i.e., [a,blt = [a,b] N'T other intervals can be defined similarly.

Definition 2.2. [7] A function p : T — R is called regressive provided 1 + u(t)p(t) # 0
for allt € T*; p: T — R is called positively regressive provided 1 + p(t)p(t) > 0 for all
t € TF The set of all regressive and rd-continuous functions p : T — R will be denoted by
R = R(T,R) and the set of all positively regressive functions and rd-continuous functions

will be denoted by RT = R (T, R).

Definition 2.3. [7] If p is regressive function, then the generalized exponential function

ep 15 defined by
t
epltss) = e { [ Gy (b))}

with the cylinder transformation

Log(1 + hz)
§M@={h’ h#0,
Z, h=0.

Lemma 2.1. [7] Assume that p,q: T — R are two regressive functions; then
(i) eo(t,s) =1 and ep(t,t) = 1; (it) ep(t,s) = 1/ep(s,t) = eop(s,t);
(i) eplts $)ep(s,7) = epl(ts1); (i) (ep(5)> = p(t)ep(t, ).
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Lemma 2.2. [7] Suppose that p € R*, then
(i) ep(t,s) >0 for allt,s € T,
(ii) if p(t) < q(t) for allt > s, t,s € T, then ep(t,s) < eq(t,s) for allt > s.

Lemma 2.3. [7] If p € R and a,b,c € T, then [e,y(c, )] = —pley(c, )7, and

b
/ p()ep(c, o(£) At = ep(c, a) — ep(c,b).

Lemma 2.4. [7] Let p : T — R be right-dense continuous and regressive, a € T and
uq € R. Then the unique solution of the initial value problem

uB(t) = pt)ult) + f(t), ula)=1uq

s given by .
u(t) = er(t,a)uq —l—/ er(t,o(s))f(s)As.

Lemma 2.5 ([7], Corollary 6.7, pp 257). Let p € R*(T,R), p(t) > 0, u(t) € R and « € R.
Then

u(t) < o+ /tu(s)p(s)A(s), VteT,

to
implies
u(t) < aep(t,to), Vt e T.

Definition 2.4. [13] A time scale T is called an almost periodic time scale if
M:={reR:t+7e€T,VteT}+#{0}.

Definition 2.5. [13] Let T be an almost periodic time scale. A function f € C(T,R) is
satd to be almost periodic on T, if, for any € > 0, the set

Ee fy={rell:|f(t+71)— f(t)] <e,VteT}

is relatively dense in T; that is, for any € > 0, there exists a constant l(¢) > 0 such that
each interval of length l(g) contains at least one T € E(e, f) such that

lfit+7)— f(t)| <e, VteT.
The set E(e, f) is called the e—translation number of f(t). We denote the set of all such
functions by AP(T).
Lemma 2.6. [13] If f € C(T,R) is an almost periodic function, then f is bounded on T.

Lemma 2.7. [13] If f,g € C(T,R) are almost periodic functions, then f + g, fg are also
almost periodic.

Definition 2.6. [24] Let ¥ € R™ and A(t) be an m x m rd-continuous matriz on T; the
linear system
92 (1) = A[t)9(t), t €T, (4)
1s said to admit an expomential dichotomy on T if there exist positive constants k,x,
projection P, and the fundamental solution matriz ¥(t) of (4) satisfying
9(yPO (o(D))lo < keoalt, 0(0), TLET, t> 1,
(D) = P)0~ (o(s))lo < keaul(o(1),1), T, €T, t <7,
where | - |0 s a matriz norm on T; that is, if A = (aij)mxm, then we can take |Alg =

(i 205 lasg| )2,
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Lemma 2.8. [13] If the linear system (4) admits an exponential dichotomy, then the
following system 92 (t) = A(t)9(t) + f(t), t € T, has a solution as follows:

= [ sapotnsman— [ am@- P erpman
where ¥(t) is the fundamental solution matriz of (4).

Lemma 2.9. [13] Let A(t) be a regressive n X n matriz-valued function on T. Let tg € T
and 99 € R", then the initial value problem 9> (t) = A(t)0(t), I(to) = Yo has a unique
solution 9(t) = e4(t,to)Jo.

Lemma 2.10. [13] Let d;(t) > 0 be a function on T such that —d;(t) € Rt for allt € T

and min { inf di(t)} > 0. Then the linear system
1<i<m UteT

98(t) = diag( — di(t), —da(t), - , —dm(t))0(t)
admits an exponential dichotomy on T.
3. EXISTENCE OF THE UNIQUE POSITIVE ALMOST PERIODIC SOLUTION
Let B={d(t) : ¥ € C(T,R), 9(t) is almost periodic function} with norm
19|15 = sup [9(t)].
teT
Then B is a Banach space.

Theorem 3.1. Assume that (Hy) and (H2) hold. Let 9 > m be two positive constants
satisfy

t t n
(i) M= (|l¢llg+ b )et, b* = max / b(T)AT, e = max elio Zir Be(s)As

t€lto,+00)r t€lto,+00)r
1 n
(11)7+ b_e_m+ZBZ€_yjm >m>7ZB eyz_m
a
(=1

Then the solution V¥(t) = V(t,to, ) > 0 for all t € [to, (©))T, of (3) satisfies
m < J(t) <M, t € [ty, +00)T.

Proof. Let ¥(t) = ¥(t, to, ) is a solution of (3) with the initial condition ¥(tp) = ¢, where
©(+) denotes a real-valued bounded and continuous functions defined on [—p*, 0]. At first,
we prove that ¥(t) <M, ¢ € [to,n(¢))T, where [to,n(¢))T is the maximal right interval of
existence of J(t,to, p). For all ¢ € [to,n(¢))T, let w(t) = o hax tl?(T), we get

DA () = — a(t)d(t) + b(t)e 'O + Z Be(t)I(t — he(t))eYeWPE=ge®)
<b(t) + Y Be(t)I(t — het )+ Z Be(t)
(=1

So,
I(t) <I(tp) +b* + /
to

<llglls + b + /

IIE ]

Zﬁe ] TAT, t € [to,n())-
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Since (5) is true for every ¢ € [tg,n(¢))r and w(t) = . mixqﬁ(’r), it follows that
0 =0T

w(t) < [lells+0" + / > Bz(T)] @(T)AT, t € [to,n(¢))r.
to | g=1

t
0

Now by Lemma 2.5, we get

0(t) <w(t) < (el +b) exp {/t [Z Be(T)

(=1

Thus,
O(t) <M, ¢ € [to,n(y))r-
Next, we show that

m < J(t), ¢ € [to,n(e))r- (6)
To prove this claim, we show that for any A < 1, the following inequality holds
I(t) > Am, ¢ € [to,n(p))r. (7)

By way of contradiction, assume that (7) does not hold. Then, there exists t* € [to,n(¢))T
such that
I(t*) < Am, () > A, t € [to— o, t")T.

Therefore, there must be a positive constant pt < 1 such that
D(t) = ham, 9(t) > A, £ € [to — 0, ).
Since Ap < 1, it follows that

0> 92(t") = —a(t*)I(t*) + b(t )+ Z Bo(t)0(t* — ho(t))e VeI —ge(t)

n
>—afAum+ b7 e M 4 Z BZAueiY?fm >b e —Au [cﬁm — Z Bye Ve 932]
=1 =1

>hme ™ —

n

atm— Z Bge_ﬁm] > 0.
(=1

Which is a contradiction and hence (7) holds. Letting A — 1, we get (6). Similar to the

proof of Theorem 2.3.1 in [11], we can obtain that n(¢) = +oo. Therefore,

m < J(t) <M, t € [tg, +00)r.

For w € B, consider the equation

n
92(t) = —a(®)9(t) + b(t)e =D + > Byt (t — hy(t))e Y=ot (8)

(=1
Since inf;er a(t) = a~ > 0, then from Lemma 2.10 the linear equation 92 (t) = —a(t)9(t)
admits exponential dichotomy on T. Hence, by Lemma 2.8, the equation (8) has exactly

one almost periodic solution,
n

O (t) = / t e_a(t, (7)) [b(’c)e_w(T) +) " Be(m) @ (T — he(r))e VD=0 D) AL,

— =1
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Define the operator X : B — B,
t
(Rw)(t) = / e—a(t, 0(T)) [ ™ 4 Z Be(T)w (T — he(T))e V(= =9e(M) | A,

It is clear that, w(t) is the almost periodic solution of equation (3) if and only if w is the
fixed point of the operator N.

For convenience, we take M = max { S B llellse™, a+§)ﬁ},

Theorem 3.2. Suppose that the hypothesis of Theorem 3.1 satisfied. Then equation (3)
has a unique almost periodic positive solution.

Proof. 1t is clear from the Theorem 3.1 that N is self mapping on =, where
E={wlt)eB:m<w(lt) <M, teT}
Next, we prove that N is a contraction mapping on Z. For ¥, w € Z, consider

R = Reo |5 = Sup ((RI)(2) — (Rew) ()]

S - { /t oo (t. 0(0) [ () (efﬁ(T) _ e,w(T)>

o0

+ Z Bo(T) ( [9(t — go())e VeI =9e(V) _ (7 — gz(T))e—w(T)W(T—ge(T))]
=1

T—he(T) T—he(T)
+/ 98 (s)e V(DI (M) A _/ wA(S)e—w(T)w(T—ge(T))AS)}AT}
T

—g¢(7) T—9¢(T)

From Theorem 3.1, we note that

951 <3 But)m () < Z Be(t) llls exp { / 3 m(@m} <3 Bilelset,
/=1

0 p—1

and w?(t) > —a(t)w(t) > —a™9M. Therefore,

t
IR — Rez||5 < sup / e_a(t, o(T)) [zﬁ ‘ﬂm —e
teT J —c0

+ Z [?)zr ‘19(”( — gE(T))e—w(T)ﬁ(T—gz(T)) —w(t— gZ(T))e—Yg(T)w(T—gg(T))

=1
+ Z B+ ’Z Be HSOHBe e —Ye(T)H(T—ge(T)) (d+ + a+9ﬁ)e*YZ(T)w(T*g(Z(T)) :|AT
=1
t
< sup/ e_q(t,o(T)) [bJr ’eiﬁ(T) —e
teT J -

+ 3 BE [T = ge(w)e VO — o — gy () VD00

n Z B [90(7) — he(T)] M)e—w(T)ﬂ(T—ge(T)) _ e Yve(Dm(t=g:(7)) ]AT.
(=1
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By mean value theorem, we have ‘eiﬂ(T) - e*w(T)‘ < e 4 |9(1) — w(t)| where & lies
between (1) and w(T),

‘19(”( — go(1))e VeI 9e(D) _ (1 — gy(1))e Ve (DF(T9e(T)

(T = g(7)) — @ (T = 9¢(7))

where & lies between (1 — g¢(T)) and w(T — g¢(T)), and

Ot = go(7)) — @ (T = ge(7))

<(1—yplp)e Ve s

Y

’e—w(”f)ﬁ(’f—ge(’f)) — e ve(@M@E(t-a(M)] < yz-e—v[fs

Y

where &3 lies between (1 — go(T)) and w(T — go(T)).
Hence,

NG — Reo||p < sup/ e_q(t, o(T)) [b+e_£1 |19(T) — w(’t)}

teT J —o0

+ Z Bl (1 —yeba)e Ye e

(=1

+M Z B [ge(T) — hz(T)]yZ‘e*YZés
(=1

9t = gol()) = (= gel))|

It — go(1)) — (T — gg(’t))” At

< sup /t e_q(t,o(T)) [lfre_ﬁl + Z BI(1— v &)e Ve &

n
MY Brgtvie 53] At 9 — s
/=1

1 B n B . n .
ga_[m D By e+ MYy Blgivie f3]||z9—w||s
£=1 £=1

1 n B n B
Since — [zﬁe& +3 By @) i+ MY Blgfvie 53] < 1, it follows that
a
=1 =1
N is a contraction mapping. Thus, by the contraction mapping fixed point theorem, the

operator X has a unique fixed point ¥* in =. This implies that the equation (3) has a
unique almost periodic positive solution ¥*(¢) and m < 9*(¢) < 9. O

For convenience, we take
n n n
F—2[b—ZBZ—SJ?ZBZYZ—MZBD?YZ]
/=1 /=1 /=1

n n n —92
G MR DN TR Morer I
(=1 (=1 (=1

Theorem 3.3. Suppose that the hypothesis of the Theorem 3.2 is satisfied and for any
to € [*Q*a +OO)T5

t

/ (I' = u(t)) At — +00 as t — +oo.

to
Then equation (3) has unique globally asymptotically stable almost periodic positive solu-
tion.
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Proof. By Theorem 3.2, we know that (3) has a unique almost periodic positive solution
9*(t), and m < 9*(¢t) < 9. Suppose ¥(t) is any arbitrary solution of (8) with initial

function ¢(t) > 0, t € [p*,0]r. Now we prove that ¥*(¢) is globally asymptotically stable.
Let w(t) = 9(t) — ¥*(t) and define V(w) = w?. Then, we have

§
+u@[—aquwww@>+ww(f““—fww)
Be(t) (0(t - hg(t))e*W(tW(tfgz(t)) — 9 (t — hg(t))e*W(t)ﬁ*(t*gz(t))) ]2
Similar argument employed in Theorem 3.2 yields,
b+ f: Bl + imzn: Brv, + Mi Bra vl
=1 (=1 =1

VA(w) =2 llls

2

n n n

) | 0P+ ) B +MY By, MY ngm*] |5
/=1 /=1 =1

2

0= )] l1=]ls-

n n n
b RS MD By, + MDY Bleivi
/=1 /=1 /=1

n n n 2
Let Q) = [b* +> B +M> Bfv, + M fsjg;y;] 9?2, then
/=1 =1

(=1

VA(@(t) < = [T = u(t)] 2(10]1s)-

Integrating from ¢ to ¢, we obtain
V(w(t) < Vit - [ 1= utw]agilaac
So, we get 0
[ 0= w10l < V() - Vi) < V() < 0

Since

t
/ (I' = w(1))AT = +00 as t = 400,

to

it follows that
Q[9) — 0, i.e., [[9(t) = 9*(t)]s — 0.
Hence, ¥*(t) is globally asymptotically stable. O
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4. EXAMPLES

Example 4.1. Consider following nonlinear density dependent mortality Nicholson’s blowflies
model for T = R.

92 (t) = — (2 + sin(26))9(t) + | cos(t)|e®)
+ | sin()| < . ZGCOS(ﬁt)> e—(2+sin(t))19<t—(4+2esm(\/§t)))’ )
9(0) =0.1.

It is clear that (9) satisfies all the assumptions of Theorem 3.3. Therefore, equation
(9) has a unique almost periodic positive solution ¥*(¢) which is globally asymptotically
stable. The numerical simulations in Fig. 1 strongly support the conclusion.

Example 4.2. Consider following nonlinear density dependent mortality Nicholson’s blowflies
model for T = Z*.

I(t+1) =0(t) — (1 + cost)I(t) + | sin(t)|e )
i —(2+sin - ecos(v2
+ [sin(E)]9 (¢ — V20 ¢ EranO (-2 tEn)

9(0) =0.05.

(10)

)

It is clear that (10) satisfies all the assumptions of Theorem 3.3. Therefore, equation
(10) has a unique almost periodic positive solution ¥*(¢) which is globally asymptotically
stable. The numerical simulations in Fig. 2 strongly support the conclusion.

057
0.4

B{r)

.31

10 15 20
3

=1
L&

FIGURE 1. Numerical solution 9(¢) of equation (9) for initial value ¢(T) =
0.1,0.3,0.5T € [—(4 + 2¢),0].
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FIGURE 2. Numerical solution 9(t) of equation (9) for initial value (1) =
0.3,0.8,11 € [—(4 + 2¢),0).
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DENUMERABLY MANY POSITIVE SOLUTIONS FOR ITERATIVE
SYSTEM OF BOUNDARY VALUE PROBLEMS WITH
N-SINGULARITIES ON TIME SCALES

K. R. PRASAD!, MAHAMMAD KHUDDUSH?, AND K. V. VIDYASAGAR?

ABSTRACT. In this paper we consider a iterative system of two-point boundary value
problems with integral boundary conditions having n singularities and involve an
increasing homeomorphism, positive homomorphism operator. By applying Hélder’s
inequality and Krasnoselskii’s cone fixed point theorem in a Banach space, we
derive sufficient conditions for the existence of denumerably many positive solutions.
Finally we provide an example to check validity of our obtained results.

1. INTRODUCTION

Theory of time scales was created to unify continuous and discrete analysis. Differ-
ence and differential equations can be studied simultaneously by studying dynamic
equations on time scales. Since a time scale is any closed and nonempty subset of the
real numbers set. So, by this theory, we can extend known results from continuous
and discrete analysis to a more general setting. As a matter of fact, this theory allows
us to consider time scales which possess hybrid behaviours (both continuous and dis-
crete). These types of time scales play an important role for applications, since most
of the phenomena in the environment are neither only discrete nor only continuous,
but they possess both behaviours. Moreover, basic results on this issue have been
well documented in the articles [1,2] and monographs of Bohner and Peterson [7,8].

The study of turbulent flow through porous media is important for a wide range
of scientific and engineering applications such as fluidized bed combustion, compact

Key words and phrases. Iterative system, time scale, singularity, homeomorphism, homomorphism,
cone, Krasnoselskii’s fixed point theorem, positive solutions.
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heat exchangers, combustion in an inert porous matrix, high temperature gas-cooled
reactors, chemical catalytic reactors [9] and drying of different products such as iron
ore [15]. To study such type of problems, Leibenson [13] introduced the following
p-Laplacian equation
(eul' (1)) = f(t (1), ='(1)),

where ¢,(w@) = |@|P"?w, p > 1, is the p-Laplacian operator its inverse function is
denoted by ¢, (T), with ¢,(T) = |T]7?T and p, g satisfy %—ké = 1. It is well known fact
that the p-Laplacian operator and fractional calculus arises from many applied fields
such as turbulant filtration in porous media, blood flow problems, rheology, modelling
of viscoplasticity, material science, it is worth studying the fractional differential
equations with p-Laplacian operator.

In this paper, we consider an operator ¢ called increasing homeomorphism and
positive homomorphism operator (IHPHO), which generalizes and improves the p-
Laplacian operator for some p > 1 and ¢ is not necessarily odd. Liang and Zhang [14]
studied countably many positive solutions for nonlinear singular m—point boundary
value problems on time scales with IHPHO,

v
(e(=@*(®)) +a®)f(=(t)) =0, te0,T],
m—2
aw(&), @) =0,
i=1
by using the fixed-point index theory and a new fixed-point theorem in cones.
In [10], Dogan considered second order p-boundary value problem on time scales,

(op(@®(1)" + w()/(t, w(t)) —0, tel0,T]s,

@ (&), p(@ Z bip(w™(&)
i=1
and established existence of multiple positive solutions by applying fixed-point index
theory.

Inspired by aforementioned works, in this paper by applying Holder’s inequality and
Krasnoselskii’s cone fixed point theorem in a Banach space, we establish the existence
of denumerably many positive solutions for dynamical iterative system of two-point
boundary value problem with n singularities and involving IHPHO on time scales,

wy  AETO) 0 (Eam) =0 1<t te[o,m,}

wé—i—l(t) = W1 (t)7 le [07 1]T7

(1.2)
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where ¢ € N, x(t) = [T, xi(t) and each x;(t) € LL([0, 1]t), p; > 1, has a singularity
in the interval (0, %)T and ¢ : R — R is an IHPHO with ¢(0) = 0.
A projection ¢ : R — R is called a IHPHO, if the following three conditions are

fulfilled:

(a) o(11) < p(T2) whenever T; < Ty, for any real numbers Ty, To;
(b) ¢ is a continuous bijection and its inverse ¢! is continuous;
() o(T1T2) = ¢(T1)p(T2) for any real numbers Ty, To.

We use following notations in the entire paper: i = 1,2, 3 € (0,1/2)r,
a(t) =y +8—vt, bt)=p+at,d= oy + b+ By,

Ro(t, 7) :Cll{ ZE;?&(Q: ii; - / [ / Ro(e1, T (70) V1| () Vs

1 1
- - / K (T - T, K= R(T)VT,

Vg = &/0 Ko(T)a(T)VT ; T wi(3) = /5 3/€i(T)VT,
n(t) = (1 — wp)a(t) + vab(t) (1 — ug)b(t) + wpa(t)

d[(1 — ua)(1 — vp) — upval’ d[(1 = ug)(1 — vp) — upvg]’
n* = max n(t), M) = max M), A= max A(t), A(3)= max A(¢).

)
te[oulh“ tebzl_éh’ t€[071]T te[ﬁvl_a]'ﬂ‘

A(t) =

We assume the following conditions are true in the entire paper:

(Hy) fj:1]0,400) = [0,4+00) and k1, ko : [0, 1] — [0, +00) are continuous;
(Hs) there exists a sequence {,}22; such that 0 < ¢,1 <t, < 1

1 ) .
lim ¢, =t* <2 }Lrgxi(t)——i-oo, 1=1,2,...,n, 7 €N,
and each y;(t) does not vanish identically on any subinterval of [0, 1]r. Moreover,

there exists §; > 0 such that
8 <o '(xi(t) <oo ae onl0,1]r, i=1,2,...,n

2. PRELIMINARIES

In this section, we introduce some basic definitions and lemmas which are useful for
our later discussions; for details, see [3-5,7,12,17,18].

Definition 2.1. A time scale T is a nonempty closed subset of the real numbers R.
T has the topology that it inherits from the real numbers with the standard topology.
It follows that the jump operators o, p : T — T, and the graininess p : T — R™ are
defined by o(t) = inf{t € T : Tt > t}, p(t) =sup{Tt € T : T < t} and u(t) = p(t) —t,
respectively.

e The point ¢ € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t,
p(t) <t,o(t)=t, o(t) > t, respectively.

e If T has a right-scattered minimum m, then Ty = T\{m}. Otherwise, Ty = T.
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e If T has a left-scattered maximum m, then T* = T\{m}. Otherwise, T* = T.

e A function f: T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of
all rd-continuous functions f : T — R is denoted by C,.q = C4(T) = C,q(T,R).

e A function f: T — R is called ld-continuous provided it is continuous at left-dense
points in T and its right-sided limits exist (finite) at right-dense points in T. The set
of all 1d-continuous functions f : T — R is denoted by Cjy = Ciy(T) = Ciy(T, R).

e By an interval time scale, we mean the intersection of a real interval with a given
time scale, i.e., [a, bt = [a,b] N T other intervals can be defined similarly.

Definition 2.2. Let pua and py be the Lebesgue A-measure and the Lebesgue V-
measure on T, respectively. If A C T satisfies pa(A) = pv(A), then we call A is
measurable on T, denoted p(A) and this value is called the Lebesgue measure of A.
Let P denote a proposition with respect to t € T.
(i) If there exists 'y C A with ua(I';) = 0 such that P holds on A\I'y, then P is
said to hold A-a.e. on A.
(ii) If there exists 'y C A with uy(I'2) = 0 such that P holds on A\I'y, then P is
said to hold V-a.e. on A.

Definition 2.3. Let E C T be a V-measurable set and p € R = RU {—o00, +00} be
such that p > 1 and let f : E — R be V-measurable function. We say that f belongs
to L% (E) provided that either

_/ |fIP(s)Vs < oo if p€R,
E
or there exists a constant M € R such that
|f| S M V—a.e. on E7 ]fp = +00.

Lemma 2.1. Let E C T be a V-measurable set. If f : T — R is a V-integrable on
E, then

[ 1695 = [ f(s)ds+ 3 (k= plt)) £ (8,

E E i€l
where Ip :={i €1 :t; € E} and {t;}icr, I CN, is the set of all left-scattered points
of T.

Lemma 2.2. For any o(t) € C([0, 1]1), the boundary value problem,
(2.1) —p(w@rV (1) = o(t), te0,1]r,

wz(0) — Beo(0) = | L (D)@ ()Y,
(2.2) 0

v (1) + 5w (1) = /01 oo (V) (),

has a unique solution

@i(t) = [ R (oD)
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where
1

R(L,7) = Ro(t,7) + (1) /01 Ro(t1, T (1) 95+ AE) [ Ro(ti, Da() V.

Proof. Suppose w; is a solution of (2.1), then
wl(t):—/t "o (o()) VT AT + At + B
= —/ (t— 1) Ho(T))VT + At + Ay,
where A; = @ (0) and Ay = @,(0). By the conditions (2.2), we get

- - / ety () — Y (T (1) VT + / (1 =) + 8) " (o(T)) VT

and

Ay = [ 10+ 8 (1) + Bra(lh (07 + 5 [ Bly(1 = 1) + 8™ (0(1)) Ve

So, we have
(2.3)

a(t) b(t)

o (t) = / Ro(t, e (o) T+ 27 1 @tV [ L ea (D) (1) V.

By simple computations, we find that

1 o all —w) + o
(2.4) /0 M(ON(OVT = S

1 . 02(1 — U/a) + C1Uq
(2.5) /0 (O ()T =2 S S

Plugging (2.4) and (2.5) into (2.3), we received

@1(1) = [ Rt D) (0 Vr+ em(t) + e

1

:/01 [No(t,T)Jrn(t) /01 No(T1,T)l€1(T1)VT1—|—7\(t)/O Ro (1, T)ka(T1) VT
¢ (e(D)VT
— [ Rt 0o o)

This completes the proof.

Lemma 2.3. Suppose (H,)-(Hs) hold. For 3 € (0,3)r, let
. |3+ B vz+ 0
L(3) = , < 1.
W =min{ S V)
Then Ro(t,T) have the following properties:
(1) 0< No(t,’f) < No(’f, T) fO’f’ all t,TE [0, 1]']1‘,'

373
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(i) £(3)No(T,T) < Wo(t,7T) for allt € [3,1 — 3]t and T € [0, 1]r.
Proof. (i) is evident. We establish (ii), for this, let ¢ € [3,1 — 3] and ¢ < 1. Then

No(t,T)  b(t)  ot+B _og+P
No(T,T)  b(T)  otT+P = o+ B > £(3)-

For T <'t,
No(t,T) _ a(t)  y+o—vt S Yt d > £(5)
Ro(t,7)  a(t)  y+38- T
This completes the proof. 0

Lemma 2.4. Suppose (Hy)-(Hz) hold. Then X(t,T) satisfies properties:
(i) 0 < N(¢, 1) < ZENg(7,7) for allt,t €€ [0,1]r;
(i) 0 < ERo(T,T) < N(¢,T) for allt € [3,1 — 3|1 and T € [0, 1]y, where
E=1+N"K] +A"K;
and
=, = L) [1+n()r1() +AG)ka(5)].

Proof. From Lemma 2.3, we get

1

1
N(t,T) =No(t, 1) +T](t)/0 No(T1,T)k1(T1) VT + At ; No(T1,T)k2(T1)VT
1

1
<No(T,T) +1(t )/0 No (T, T) k1 (T1) VT + At ; No (T, T)ka(T1)VT1

1
< |:]_ +T](t)/0 Kl(Tl)VTl +7\< HJQ T1 VT1:| NO
< [1 +1"K] + 7\*5;;} No(T, 7).
On the other hand, for t € [3,1 — 3]r and T € [0, 1], we have
1 1
N(t, T) =No(t,7) +ﬂ(t)/0 No(T1, T)k1(T1) VT + 7\(75)/0 No(T1, T)k2(T1) VT

> No(t,7) +n(t) [

3

1-;3

No(Ts, s (1) VT +A() [ R (1, (1) VT

1—3 1—3
>L(3) {1 +1(t) / k1(T1) VT + A(2) / Ko (T1) VT | No(T,T)
3 3
> L(3)[1+ ™k + AN (T, 7).
This completes the proof. 0

Notice that an ¢-tuple (o (t), wo(t), ws(t), ..., we(t)) is a solution of the iterative
boundary value problem (1.1)—(1.2) if and only if

w;(t) = /01 R(t, 1) [X(7) i (@41 (1) |V, tE€ [0, 1< <L,
”(IJHl(t) = wl(t), te [0, 1]']1*,
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ie.,

@) = [ Nem)e [xmm( [ e e [
<ot s [ M

X fg_l (/01 N(Tg_l, Té)gp_l [X(Tg)fgﬁﬂl(’fg))]VTg) Ce VT3] VT;| VTl.

Let B be the Banach space Cj4([0, 1], R) with the norm ||@|| = maxcpq, |@(t)|.
For 3 € (O, %) , we define the cone K; C B as

K, = {w € B: w(t) is nonnegative and min w(t) > :3Hw(t)]|} :
t€ls, 1-3lr =
For any @, € K;, define an operator €2 : K; — B by

1

(Qeoy)(t) :/01 N(t, )" [X(’ﬁ)fl(/o N(T1, T2)p !

X (T2) f2 ( /01 N(Tg, T3)

‘ol [wg)fg( [ 8-

X fg_l </01 N(Tg_L Te)gp_l [X(Tg)fg(wl(’fg))} VT€> ce VT3‘| VT2‘| VTl.

Lemma 2.5. Assume that (Hy)-(Hs) hold. Then for each 3 € (0, %) , Q(K;) CK, and
2 : K, — K, is completely continuous.

Proof. From Lemma 2.3, X(¢,t) > 0 for all £,T € [0, 1]r. So, (Qw)(t) > 0. Also, for
wy € K, we have

1

Q=)0 < [ Mol m)p™ {xm)fl( [ e e

x fz(/olN(Tg,’tg)go_l[X(Tg)f3</()lN(T37T4)...

X fg_l (/01 N(Tﬁ—l, Tg)(p_l [X(Tg>f£<w1<T£))]VTg> e VT3‘| VT2‘| VTl.
So,

Qo || SE/Ol No(T1, 1) [X(Tl)fl (/01 R(Ty, o) [ X(T2)

X f2</01 N(T2, T3)p "

X(Tg)fz,,(/ola(@,u)...
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X fg_l < /01 N(Tg_l, Te)gp_l [X(Tg)fé(wl(’fé))} VT@) e VT:!| VT2‘| VTl.

Again from Lemma 2.3, we get
min Q t
min {(Qm)(0)
1

>E; 0 Ro(T1, 1) [X(Tl)ﬁ(/olN(TlaTz)@l X(T2)

X f2</01 N(Ty, T3) 0 lx(’tg)fg,(/ol N(T3,Ty) - - -

X fé—l(/olN(Tf—lan)SO_l{X(Té)fﬂ(wl('fz))]v'Q) - V13| V1o | V1.

It follows from the above two inequalities that
min {(Qw1)(t)} > Z[|Qw |-
t€f3,1—3lr =

So, Qw; € K; and thus Q(K;) C K;. Next, by standard methods and Arzela-Ascoli
theorem, it can be proved easily that the operator €2 is completely continuous. The
proof is complete. O

3. DENUMERABLY MANY POSITIVE SOLUTIONS

For the existence of denumerably many positive solutions for iterative system of
boundary value problem (1.1), we apply following theorems.

Theorem 3.1 ([11]). Let € be a cone in a Banach space X and My, My are open sets
with 0 € M, My C My. Let A : €N (Ma\My) — € be a completely continuous operator
such that

(a) [[Az]| < ||z|l, z € ENOMy, and ||Az|| > ||z]|, z € €N OMy, or
(b) |Az]| > ||z]|, z € €N oMy, and ||Az| < ||z||, z € €N OMs.

Then A has a fized point in € N (Ma\My).

Theorem 3.2 ([8,16]). Let f € L&(J), withp > 1, g € LL(J), with ¢ > 1, and
L4 L= 1 Then fg € L& () and | follny < Ifllce lollce, where

1PVs]”, peR
1fllzz, = [/J
inf{MGR/|f|§MV—a.e. onJ}, p = 00,

and J = (a,b].
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Theorem 3.3 (Holder’s). Let f € LX(J), with p; > 1, for i = 1,2,...,n and
" = 1. Then 17, f; € LY(J) and

llp

< [Tl fill,.

1 =1

Further, if f € Ly (J) and g € L (J), then fg € Ly (J) and || fglli < [|f11]l9]]co-

Consider the following three possible cases for x; € L%([0,1]r) :

(1) z1;<1

(11) ?:1 él - 17
(i) >, - > 1.
Firstly, we seek denumerably many positive solutions for the case > ! ; o < 1.

Theorem 3.4. Suppose (Hy)-(Hs) hold, let {3,152, be a sequence with 3, € (t,41,t,).
Let {T',}22, and {©,}22, be such that

I < ?67" <6,<30,<TI,, reN,

-1
, 1}.
Assume that f satisfies
(Ch) fi(w) < Oul,) forallt € 0,1]r, 0 <w < T, where

-1
vai‘| ;

(C2) fi(w) = (36,) for allt & [3r,1 = 3,]r, %0, <@ <6,
Then the iterative boundary value problem (1.1)7(1.2) has denumerably many solutions
{(wgr],wg},.. [T]) °, such that w[r]( t)>0onl[0,1]r,j=1,2,...,0 and r € N.

where

3= max{ [EM I1%: /131 Ny (T, T)VT

i=1 31

Ny <

= Noll g H e 60

Proof. Let
M, ={weB:|w|<TI,},
My, ={w eB: |w| <06,},
be open subsets of B. Let {3,}°°, be given in the hypothesis and we note that
t*<tT+1<3r<tr<§,
for all r € N. For each r € N, we define the cone K, by

-

b ={mepm>0 _mn =) =)}
te[jrl Z)r]ﬂ‘
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Let @y € K;, N OMy,. Then @y (1) < I, = ||wy] for all T € [0,1]r. By (C4) and for
1 € [0, 1], we have

[ R e [ e (@) Ve < 2 [ Rl we [x(w) ol ()] 9

<=M, / No(Te, Te)p ™ 1 X(Tz)]v’w

< E%Fr/ No(Te, Te)p 1[HX1 ]VTZ
0

i=1

1
SEmJT/O No(te, Te) [T ¢~ (xi(e)) Ve

=1
There exists a ¢ > 1 such that % +>0, p%- = 1. So,
! 1 = = S
| R m)e ! ) fulen (7)Y < 2T | TLe (0)
0 Ly lli=1 vai
< E‘ﬁlrrHNoHqu H H@_l(Xi) L7
i=1

<T,.

It follows in similar manner for t,_5 € [0, 1]r that

/01 N(Tpog, Te—1)p " lX(TZ—ﬁfZ—I ( /01 N(Too1,Te)p " [X(Tf)fé(wl(’fé))} VT€>

AV 7281

1
S/O N<T€—27T€—1>Q@_l[X(TZ—I)fE—l(FT)]VTK—I
SD/O No(Te—1, Tr—1)~ [X(Té—l)fé—l(rr)}v'té—l
! —1
SEmlrr/ No(Te—1, Te—1)p [X(Te 1 ]VTZfl
0

1 n
§5m1rr/0 No(Te-1,Te-1)@ 1[HX2 Tp-1 ]VT51

=1

1 n
SEWJT/O No(Te—1, Te—1) [ ¢ (Xa(Te1)) VT
=1

P;
LV

<ML Nolrg, T [e" ()
=1

<TI%.

Continuing with this bootstrapping argument, we get

O)() = [ () [xm)fl( RS RCSTA GRS
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x ! [X(T?))f:a(/ol N(T3,7T4) " "

X fg_1</01 N(Tg_l,"(g)g@_l[X(Tg)fg(wl('fg))}vw> ---VT;»,] VTQ] \Vad
<T,.
Since I'; = ||y || for @y € K;, N OM;, we get
(3.1) 192201 || < el

Let t € [3,,1 — 3.]r. Then

—
—
—

O, = ||m] > () > min  wi(t) > 2 ||w| > Z26,.
te[}iml_ér]'ﬂ‘ = =

By (C3) and for ty_1 € [3,,1 — 3,]1, we have

[ 8 e el (w0)] Ve 2 B, [ Rl me ! [xlw s ()] T

> E, 30, No(Te, T~ (X(Te)) Ve
3r
1—3, n
> =, 30, No(Te, Te) H o ' (xi(te)) VT,
dr =1

Continuing with bootstrapping argument we get

() (t) 2/01 N(t,T1)p " [X(ﬁ)fl(/ol N(Ty,To) [X(TQ)]@(/OI R(To, T3)
X sollx(ra)fg,(/olN(TB,m) .

X fg_1</01 N(Tg_l,”fg>g0_1[X(Tg)fg(wl(Tg))}VTg> ~~-V13] VTQ] VT,
>0,.
Thus, if w; € K;, N 0Ky, then
(3.2) Q21 || > || ]]-

It is evident that 0 € Mgy, C My C My . From (3.1) and (3.2), it follows from Theorem
3.1 that the operator  has a fixed point w][f"] €K, N (MM\MQ,T) such that wgr](t) >0
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on [0, 1], and r € N. Next setting w1 = w;, we obtain denumerably many positive

solutions { (@, @}, ..., @)}, of (1.1)-(1.2) given iteratively by
1
(1) = | e O (@ ()] VT, tE (0,1, j = 60— 1,1
The proof is completed. 0

For -7 4 1% = 1, we have the following theorem.

Theorem 3.5. Suppose (Hy)-(Hs) hold, let {3,152, be a sequence with 3, € (t,41,t,).
Let {T',}22, and {©,}22, be such that

< 20,<6,<30,<TI,, reN,

n 1—31 -1
3 = max{ [Ejl H 61/ ! N()(T, T)VT s 1}
i=1 31

Assume that [ satisfies

where

(Cs) fi(@) < (ML) for all t € [0,1]r, 0 <@ < T, where
Ny < min { [E [[Nol| zee H HSO_l(Xi)
i=1

-1
vai] ,3};

(Cy) fi(w) > ¢(30,) forallt € 3,1 — 3|1, 20, <w < O,.
Then the iterative boundary value problem (1.1) (1.2) has denumerably many solutions
{(ng],wgr},.. [T]) ©, such that w[r]( t)>0on[0,1]r,5=1,2,...,¢, and r € N.

Proof. For a fixed r, let My, be as in the proof of Theorem 3.4 and let ; € K;, NOMy,.
Again w; (1) < T, = ||wy|| for all T € [0,1]r. By (Cs) and for T, € [0, 1], we have

[ R e ) e (@) Ve < 2 [ Rl we [x(w) ol ()] 9

1
< E%PT/O No(w,Te)sfl[X(Tz)]VTe

n

1
< Emgrr/o No (e, ) lHXi(TZ)] VT

1=1

1 n
< Em2rr/0 Ro (e, ) [T 07" (xi(Te)) Ve

=1
< EML Nl T HSOA(Xz')
i=1

<TI,.

Pq
LV

It follows in similar manner for T, € [0, 1]r that

/01 N(Tr—2,Tr—1) " [X(Tz—1)f5—1</01 N(To_1, Te)p [X(Te)fz(?m(w))}v’fe)] V11
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1
S/O N<T€—27T€—1>Q@_l[X(TZ—I)fE—l(FT)]VTK—I
SD/O No(Te—1, Tr—1)~ [X(Té—l)fé—l(rr)}v'té—l
! —1
SEmzrr/ No(Te—1, Te—1)p [X(Te 1 ]VTLJA
0

1 n
SEmzrr/o No(Te—1, Te—1) 1[HX2 To-1 ]VT51

=1

1 n
SEmzrr/O No(Te—1, Te—1) [ ¢ (Xa(Te1)) VT
=1

<=0 Nollg TT " 0w)
=1

<TI;.

Py
LV

Continuing with this bootstrapping argument, we get

(O=0)() = [ () [xm)fl( GRS RCSTA GRS

1

x o1 lX(Tg)f3</(]l N(Ts, 7)) - -

VTQ VTl

X fm(/ol N(T21>TZ)<P1[X(Te)f6(w1(T€))}VTf> V13
<T,.

Since I', = ||y || for wy € K;, NOMy ., we get ||Qwy|| < ||wwy||. Now define My, = {w; €
B: |||l < ©,}. Let wy € K;, N OMy, and let T € [3,, 1 — 3,]r. Then the argument
leading to (3.2) can be done to the present case. Hence, the theorem is proved. [

Lastly, the case >77" ; z% > 1.

Theorem 3.6. Suppose (Hy)-(Hz) hold, let {3,}°°, be a sequence with 3, € (t,41,t,).
Let {T',.}22, and {©,}°, be such that

I < %@T <0,<30,<TI,, reN,
where
n 1-5 -1
3= max{ [531 11 éi/ No(T,T)VT| 1}.
i=1 31
Assume that f satisfies
(Cs5) fi(w) < eMsy) forallt € [0,1)r, 0 < w < T, where

—1
le] ,3};

Ny < min { [5 IRoll 2z T ||~ (i)
=1
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—_
—
—

rQ, < w < 6,.

—_
—
—

(Cs) fi(wm) = ¢(30,) for allt € [3,,1 — 3],

Then the iterative boundary value problem (1.1)—(1.2) has denumerably many solutions

{(wgr],wg”}, . ,wy]) o, such that w]m(t) >0 on 0,1, j=1,2,...,¢, and r € N,

Proof. The proof is similar to the proof of Theorem 3.1. So, we omit the details
here. 0

4. EXAMPLES

In this section, we present an example to check validity of our main results.
Example 4.1. Consider the following boundary value problem on T = [0, 1]

(@ (t) + x(t) f(wjqa(t) =0, j=1,2,t€0,1],
4y ws(t) = @1 (1), }
- @3(0) ~ @(0) = [ J=y (e,

=;(1) + (1) = /01 L (),
where
pl@) =4 Ty= 7=
w?, w > 0,
x(t) =xa(t) - x2(t),
in which ) 1
1 - 1 and 2 = 15
xa(t) PR X2(t) -1

fi(@) = fa(w)

0.05 x 1078, w € (1074, +00),

5604x 10~ (87+6) _0.05x 108" —4r
10— (@r+3) _10—4r (w - 10 )

+0.05 x 1078, @ € [10-4r3) 10707
~ 5604 x 10~ 6r+6), w € (0.98 x 10~ (r+3), 10—<4’“+3>) :
SO o — 10-)
+0.05 x 10787, @ € (1076, 0.98 x 10-r+3)].
Let .
thzj—];M, 5r:;(tr+tr+1), forr=1,2,3,...,
then

15 1 15 1
51:372_@<3—2 and  t,4q < 3. <1, 3T>5, forr=1,2,3,...
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Therefore, & = 3, > %, j=1,2,3,... It is clear that

A ! 1,2,3
= 35 a r = Ur = T oNa r=14,9,...
VRN T A+ 2)
Since Y >7 4 = g—g and Z?:lfz % it follows that
31 =1 a7 7t
= limf = — > ————— = = T — 04637941914,

rso T 64 A A(r+ 1) 64 360

1

X1, X2 € LP[0,1] for 0 < p < 2, so 61:6223,

1
a(t)=2—t, b(t) =1+t d=3, No(t’T):?»{

1 1
ci = [/ NO(TLTQ)/@(TI)VTI] X(TQ)VTQ = 27740761987
0 0
1 1

Ug = Up = Vo = Uy = K] = Ky = 2 k1(31) = k2(31) = 0.06558641976,
£(31) = min { “ifﬁﬁ , Vy"“:;} 1 ;51 — 0.7336033950,

nit) = d[(gl__utb))g(? ;;"1_1’(12%] - 7_6%, n* = Z nG1) = 1.010931070,
A(t) = I <(11__1Z“>>(b1(? ;)UTLEZU] _0 _6275, A= 2, AG1) = 0.6775977366,

E=14+1"K] + AR5 =2,
= = L6014 n0G1)R1G1) + AG1)r2(31)] = 0.8148459802.

Note that =, is increasing, it follows that 1.969391539 = &, < &, < Z; = 2,
0.9846957695 < =i~ < 2 and

1-31 I-3+as (2 — 1
/ Ro(T, T) VT = / e <T)3<+T)dr:0.04918197800.

5
31 327 648

Thus, we get

1— 51 -1
3= max{ lﬂl I1s: / o(T, T VT] , 1} — max {74.85826138, 1}
— 74.85826138

and 1
1 q
[Rollza = [/ INo (T, T)|da] <1, for0<qg<2.
0
Next, let 0 < a < 1 be fixed. Then x1, x2 € L'™[0, 1]. It follows that

_ 1 3—a 1+a | 1+a
o7 Clline = |5 (35 +1) 2%
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and

4 3—a 3—a | IT+a
-1 - I =
o7 0l = |5 (%5 +1) (1/3)F]
So, for 0 < a < 1, we have

-1

0.2509961333 < lE ol e, TT [l (i) < 0.2856331500.
=1

B2
Taking 91, = 0.2. In addition, if we take

r,=10"" ©,=10"""
then

L1 = 1079 < 0.9846957695 x 10~ W+3) <« :;’“ 0, < 0, =10~ Ur+3)
<T,=10"",

30, = 74.85826138 x 10°W*3) < 0.2 x 107* =9 I,, r=1,2,3,...,

and fi, fo satisfies the following growth conditions:
fi(@) = fo(@) <e(MT,) = MI? = 0.04 x 107, = e [0,107"]
fi(@) = falw) 2 ¢(36,) = 3°6?
= 5603.759297 x 10~ 40 5 ¢ [0,98 x 10~ (r+3) 1O—<4r+s>] .

Then all the conditions of Theorem 3.4 are satisfied. Therefore, by Theorem 3.4,
the iterative boundary value problem (4.1)—(4.2) has denumerably many solutions

{(wgr],w[;])}oil such that wj[-r] (1) 20o0n[0,1], j=1,2and r € N.
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